Regularity of n/2-harmonic maps into spheres

Armin Schikorra

We prove Holder continuity for n/2-harmonic maps from subsets of R™ into a sphere. This extends a
recent one-dimensional result by F. Da Lio and T. Riviere to arbitrary dimensions. The proof relies on
compensation effects which we quantify adapting an approach for Wente’s inequality by L. Tartar, instead
of Besov-space arguments which were used in the one-dimensional case. Moreover, fractional analogues
of Hodge decomposition and higher order Poincaré inequalities as well as several localization effects for
nonlocal operators similar to the fractional laplacian are developed and applied.
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1 Introduction

1 Introduction

In his seminal work [Hé190] F. Hélein proved regularity for harmonic maps from the two-dimensional unit disk By (0) C
R? into the m-dimensional sphere S™~1 C R™ for arbitrary m € N. These maps are critical points of the functional

Es(u) == / Vul?, where u € W'2(B;(0),S™™1).
B1(0)CR?

The importance of this result is the fact that harmonic maps in two dimensions are special cases of critical points of
conformally invariant variational functionals, which play an important role in physics and geometry and have been
studied for a long time: Hélein’s approach is based on the discovery of a compensation phenomenon appearing in
the Euler-Lagrange equations of Fs, using a relation between div-curl expressions and the Hardy space. This kind of
relation had been discovered shortly before in the special case of determinants by S. Miiller [Miil90] and was generalized
by R. Coifman, P.L. Lions, Y. Meyer and S. Semmes [CLMS93]. Hélein extended his result to the case where the
sphere S™ ! is replaced by a general target manifold developing the so-called moving-frame technique which is used in
order to enforce the compensation phenomenon in the Euler-Lagrange equations [Hél91]. Finally, T. Riviere [Riv07]
was able to prove regularity for critical points of general conformally invariant functionals, thus solving a conjecture
by S. Hildebrandt [Hil82]. In his ingenious approach he applies a technique based on K. Uhlenbeck’s results in gauge
theory [Uhl82] in order to implement div-curl expressions in the Euler-Lagrange equations, a technique which can be
reinterpreted as an extension of Hélein’s moving frame method; see [Sch10a]. For more details and references we refer
to Hélein’s book [Hél02] and the extensive introduction in [Riv07] as well as [Riv09].

Naturally, it is interesting to see how these results extend to other dimensions: In the four-dimensional case, regularity
can be proven for critical points of the following functional, the so-called extrinsic biharmonic maps:

Ey(u) := / |Aul?, where u € W22(B;(0),R™).
B, (0)CR*

This was done by A. Chang, L. Wang, and P. Yang [CWY99] in the case of a sphere as the target manifold, and
for more general targets by P. Strzelecki [Str03], C. Wang [Wan04] and C. Scheven [Sch08]; see also T. Lamm and
T. Riviere’s paper [LR08]. More generally, for all even n > 6 similar regularity results hold, and we refer to the work
of A. Gastel and C. Scheven [GS09] as well as the article of P. Goldstein, P. Strzelecki and A. Zatorska-Goldstein
[GSZGO09).

In odd dimensions non-local operators appear, and only two results for dimension n = 1 are available. In [DLR09],
F. Da Lio and T. Riviere prove Holder continuity for critical points of the functional

By (u) :/‘A%u

R1

2
, defined on distributions u with finite energy and u € S™~ 1 a.e.

In [DLR10] this is extended to the setting of general target manifolds.

In general, we consider for n,m € N and some domain D C R" the regularity of critical points on D of the functional

E,(v) :/]A%v

R

. we HP®R™R™), veS" ! ae. in D. (1.1)

Here, A% denotes the operator which acts on functions v € L?(R") according to
(A%U)A(g) = |¢|2 v(€)  for almost every & € R",

where ()" denotes the application of the Fourier transform. The space H 2 (R™) is the space of all functions v € L?(R")
such that A%y € L?(R™). The term “critical point” is defined as usual:

Definition 1.1 (Critical Point). Let u € H? (R",R™), D C R™. We say that u is a critical point of E,(-) on D if
u(x) € S™L for almost every x € D and

d
— E =0
dt o (ut,tp)

for any ¢ € C§°(D,R™) where ug,, € H? (R™) is defined as

IM(u+ty) in D,
in R"\D.

Ut,o =



Z

Here, T1 denotes the orthogonal projection from a tubular neighborhood of S™~! into S~ defined as I(z) = T

If n is an even number, the domain of E,,(-) is just the classic Sobolev space H % (R") = W %+2(R"), for odd dimensions
this is a fractional Sobolev space (see Section 2.2). Functions in H? (R") can contain logarithmic singularities (cf.
[Fre73]) but this space embeds continuously into BMO(R™), and even only slightly improved integrability or more
differentiability would imply continuity.

In the light of the existing results in even dimensions and in the one-dimensional case, one may expect that similar
regularity results should hold for any dimension. As a first step in that direction, we establish regularity of n/2-
harmonic maps into the sphere.

Theorem 1.2. For anyn > 1, critical points u € H? (R™) of E,, on a domain D are locally Hélder continuous in D.

Note that here — in contrast to [DLR09] — we work on general domains D C R™. This is motivated by the facts that
Holder continuity is a local property and that A% (though it is a non-local operator) still behaves “pseudo-local”.
Thus, we can impose our conditions (here: being a critical point and mapping into the sphere) only in some domain
D C R", and still get interior regularity within D.

Let us comment on the strategy of the proof. As said before, in all even dimensions the key tool for proving regularity
is the discovery of compensation phenomena built into the respective Euler-Lagrange equation. For example, critical
points u € WH2(D,S™~1) of Ey satisfy the following Euler-Lagrange equation [Hé190]

Aut = u!|Vul?,  weaklyin D, foralli=1...m. (1.2)

For mappings u € W1H2(R2?,S™~1) this is a critical equation, as the right-hand side seems to lie only in L': If we had
no additional information, it would seem as if the equation admitted a logarithmic singularity (for examples see, e.g.,
[Riv07], [Fre73]). But, using the constraint |u| = 1, one can rewrite the right-hand side of (1.2) as

ui|Vu|2 = Z (uiVuj - ujVui) V! = Z ((%Bij Ao — 02 B 81uj)

Jj=1 Jj=1

where the B;; are chosen such that 0, B;; = u'Oot? —u? Opu?, and —02B;; = u'ohu? —u?01u?, a choice which is possible
due to Poincaré’s Lemma and because (1.2) implies div (u'Vu/ — u/Vu’) = 0 for every i,j = 1...m. Thus, (1.2)
transforms into

A

Z (01Bij D2u? — 0, B;; 01u?), (1.3)
i=1

a form whose right-hand side exhibits a compensation phenomenon which in a similar way already appeared in the
so-called Wente inequality [Wen69], see also [BC84], [Tar85]. In fact, the right-hand side belongs to the Hardy space
(cf. [Miil90], [CLMS93]) which is a proper subspace of L' with enhanced potential theoretic properties. Namely,
members of the Hardy space behave well with Calderén-Zygmund operators, and by this one can conclude continuity
of u.

An alternative and for our purpose more viable way to describe this can be found in L. Tartar’s proof [Tar85] of
Wente’s inequality: Assume we have for a,b € L?(R?) a solution w € H'(R?) of

Aw = 0r1a J9b — O2a b weakly in R2. (1.4)

Taking the Fourier-Transform on both sides, this is (formally) equivalent to

EPw(€) = C/GA(m) VM(E =) (21(e — 22) — 22(&1 — 21)) do, for £ € R*. (1.5)

R2

Now the compensation phenomena responsible for the higher regularity of w can be identified with the following
inequality:
1 1

|21 (€2 — z2) — 22(&1 — 21)| < [&]|2]2 € — 2. (1.6)
Observe, that |x| as well as | — x| appear to the power 1/2, only. Interpreting these factors as Fourier multipliers,
this means that only “half of the gradient”, more precisely A%, of a and b enters the equation, which implies that
the right-hand side is a “product of lower order” operators. In fact, plugging (1.6) into (1.5), one can conclude
w” € LY(R?) just by Holder’s and Young’s inequality on Lorentz spaces — consequently one has proven continuity of
w, because the inverse Fourier transform maps L! into C°. As explained earlier, (1.2) can be rewritten as (1.3) which
has the form of (1.4), thus we have continuity for critical points of Fs, and by a bootstraping argument (see [Tom69)])



1 Introduction

one gets analyticity of these points.

As in Theorem 1.2 we prove only interior regularity, it is natural to work with localized Euler-Lagrange equations
which look as follows, see Section 7:

Lemma 1.3 (Euler-Lagrange Equations). Let u € H*(R™) be a critical point of E, on a domain D C R™. Then,
for any cutoff function n € C§°(D), n =1 on an open neighborhood of a ball D C D and w := nu, we have

- /U/l Afw! Afep; = /A%wj H(w', i) — /aiﬂ/fija for any i = =i € C°(D), (1.7)
R R R~
where a;; € L*(R™), i,5 = 1,...,m, depend on the choice of n. Here, we adopt Einstein’s summation convention.
Moreover, H(-,-) is defined on H=(R™) x H% (R") as
H(a,b) := A% (ab) — aATh—bA%a, for a,be H=(R"). (1.8)

Furthermore, u € S™ 1 on D implies the following structure equation

n ; n 9

w' - ATw' = —§H(wi,wi) + iAzn a.e. in R™. (1.9)

Similar in its spirit to [DLR09] we use that (1.7) and (1.9) together control the full growth of A% w, though here we
use a different argument applying an analogue of Hodge decomposition to show this, see below. Note moreover that
as we have localized our Euler-Lagrange equation, we do not need further rewriting of the structure condition (1.9)
as was done in [DLRO09].

While in (1.4) the compensation phenomenon stems from the structure of the right-hand side, here it comes from
the leading order term H(-,-) appearing in (1.7) and (1.9). This can be proved by Tartar’s approach [Tar85], using
essentially only the following elementary “compensation inequality” similar in its spirit to (1.6)

-1 -1 .
2P E P ], ifp >,

p p 1.10
2/%1¢l?, itp e (0,1] (1.10)

llz = &7 — €7 = [«f"] < Cp{

More precisely, we will prove in Section 4

Theorem 1.4. For H as in (1.8) and u,v € H3 (R™) one has
n A n A
[H (u, )| 2@ny < C [[(A%u) [ L2@ny [[(AT0)" || 200 n)-

An equivalent compensation phenomenon was observed in the case n = 1 in [DLR09]'. Note that interpreting again
the terms of (1.10) as Fourier multipliers, it seems as if this equation (and as a consequence Theorem 1.4) estimates the
operator H (u,v) by products of lower order operators applied to v and v. Here, by “products of lower order operators”
we mean products of operators whose differential order is strictly between zero and 5 and where the two operators
together give an operator of order . In fact, this is exactly what happens in special cases, e.g. H(u,v) =2Vu - Vu
if we take the case n = 4 where AT = A.

Another case we will need to control is the case where u = P is a polynomial of degree less than 7. As (at least
formally) A P = 0 this is to estimate

H(P,v) = A%(Pv) — PAtw.

This case is not contained in Theorem 1.4 as a non-zero polynomial does not belong to H % (R™). Obviously, in the
one-dimensional case P is only a constant, and thus H(P,v) = 0. In higher dimensions, this term does not vanish.
However, we will show in Proposition 5.12 that H(P,v) is still a product of lower order expressions.

As we are going to show in Section 5.4, products of lower order operators (in the way this term is defined above)
“localize well”. By that we mean that the L2-norm of such a product evaluated on a ball is estimated by the product
of L?-norms of A% applied to the factors evaluated at a slightly bigger ball, up to harmless error terms. As a
consequence, one expects this to hold as well for the term H(u,v), and in fact, we can show the following “localized
version” of Theorem 1.4, proven in Section 6.

n fact, all compensation phenomena established in [DLR09] can be proven by our adaptation of Tartar’s method using simple compen-
sation inequalities, thus avoiding the use of paraproduct arguments (but at the expense of using the theory of Lorentz spaces).



Theorem 1.5 (Localized Compensation Results). There is a uniform constant v > 0 depending only on the dimension
n, such that the following holds. Let H(-,-) be defined as in (1.8). For anyv € H? (R™) and & > 0 there exist constants
R >0 and Ay > 0 such that for any ball B,.(x) C R™, r € (0, R),

IH (0, 0) |28, 2)) S € AT Q| 2@ny  for any ¢ € C3°(Br(x)),
and

IH (v,0)|[L2(8, (@) < € [W)]Ba, @)+ Cow D 27 MWl 0)\Byw, (a)-

k=—o00

Here, [[v]]a is a pseudo-norm, which in a way measures the L*>-norm of A%v on A C R™. More precisely,

2

n —n— n—1 n—1 2
(olla = 18Tl + [ [le=ol ™7 [0 = V5 o) drdy | L forn oda,
A A
and for even n we set [[v]]a == |ATv| 204y + [V 20| 124)-

As mentioned before, by the structure of our Euler-Lagrage equations, these local estimates control the local growth
of the Z-operator of any critical point. This is true, as local growth of L?-functions is controlled by their local
weak AT-norm. More precisely, we will show the following result in Section 5.3 using an analogue of the Hodge
decomposition, see Lemma 2.9.

Theorem 1.6. There are uniform constants Ao > 0 and C > 0 such that the following holds: For any x € R™ and
any r > 0 we have for every v € L*>(R™), suppv C B,.(z),

lvllL2 (B, (2) < C sup % /v Adp.
0€C3 (Bagr(x)) AT Q[ L2®n) )

Then, by an iteration technique adapted from the one in [DLR09] (see the appendix) we conclude in Section 9 that
the critical point u of F,, lies in a Morrey-Campanato space, which implies Hélder continuity.

As for the sections not mentioned so far: In Section 2 we will cover some basic facts on Lorentz and Sobolev spaces.
In Section 3 we will prove a fractional Poincaré inequality with a mean value condition of arbitrary order. In Section 5
various localizing effects are studied. In Section 8 we compare two pseudo-norms [[A%v||f2(4) and [v]z 4 of H?, and
finally, in Section 9, Theorem 1.2 is proved.

Finally, let us remark the following two points: As we cut off the critical points u to bounded domains, the assumption
u € L?(R™) is not necessary, one could, e.g., assume u € L>(R"), Aty € L?(R"), thus regaining a similar “global”
result as in [DLR09]. Observe moreover, that the application of a cut-off function within D to the critical point u is
a rather brute operation, which nevertheless suffices our purposes as in this note we are only interested in interior
regularity. For the analysis of the boundary behavior of u one probably would need a more careful cut-off argument.

We will use fairly standard notation:

As usual, we denote by & = S(R™) the Schwartz class of all smooth functions which at infinity go faster to zero
than any quotient of polynomials, and by S = S,(R") its dual. For a set A C R™ we will denote its n-dimensional
Lebesgue measure by |A|, and rA, r > 0, will be the set of all points rz € R"™ where © € A. By B,.(z) C R" we
denote the open ball with radius r and center = € R™. If no confusion arises, we will abbreviate B, = B,(z). When
we speak of a multiindex o we will usually mean a = (ag,...,a,) € (NU{0})" = (No)" with length |a] := > | a;.
For such a multiindex a and = = (z1,...,7,)T € R" we denote by z® = [[;_, (z;)"" where we set (z;)? := 1 even if
x; = 0. For a real number p > 0 we denote by |p]| the biggest integer below p and by [p] the smallest integer above p.
If p € [1, 00] we usually will denote by p’ the Holder conjugate, that is % + 1% = 1. By f *g we denote the convolution
of two functions f and g. As mentioned before, we will denote by f” the Fourier transform and by fY the inverse
Fourier transform, which on the Schwartz class S are defined as

N = f) e T e, Y () = [ f(€) 2T de
/ /
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By i we denote here and henceforth the imaginary unit i> = —1. R is the Riesz operator which transforms v € S(R")
according to (Rv)"(§) := i%v/\ (€). More generally, we will speak of a zero-multiplier operator M, if there is a function
m € C*°(R™\{0}) homogeneous of order 0 and such that (Mwv)"(§) = m(§) v" (&) for all £ € R"\{0}. For a measur-
able set D C R", we denote the integral mean of an integrable function v : D — R to be (v)p = f v = ﬁ Jpv.
Lastly, our constants — usually denoted by C or ¢ — can possibly change from line to line and usually depend on the
space dimensions involved. Further dependencies will be indicated by a subscript, though we will make no effort to
pin down the exact value of those constants. If we consider the constant factors to be irrelevant with respect to the
mathematical argument, for the sake of simplicity we will omit them in the calculations, writing <, >, ~ instead of
<, > and =.

Acknowledgment. The author would like to thank Francesca Da Lio and Tristan Riviere for introducing him to
the topic, and Pawet Strzelecki for suggesting to extend the results of [DLR09] to higher dimensions. Moreover, he is
very grateful to his supervisor Heiko von der Mosel for the constant support and encouragement, as well as for many
comments and remarks on the drafts of this work. The author is supported by the Studienstiftung des Deutschen
Volkes.

2 Lorentz-, Sobolev Spaces and Cutoff Functions

2.1 Lorentz Spaces

In this section, we recall the definition of Lorentz spaces, which are a refinement of the standard Lebesgue-spaces. For
more on Lorentz spaces, the interested reader might consider [Hun66], [Zie89], [Gra08, Section 1.4], as well as [Tar07].

Definition 2.1 (Lorentz Space). Let f : R® — R be measurable and set df(\) := |[{x € R" : |f(x)| > A}|. The
decreasing rearrangement of f is the function f* defined on [0,00) by f*(t) := inf{s > 0 : ds(s) < t}. For
1<p<oo,1<q< oo, the Lorentz space LP*4 = LP4(R™), is the set of measurable functions f : R™ — R such that
|| fllLea < 00, where

(?(tif*(w)q d:)é . ifg< oo,

[llea =9 30 2 ,
supt>0tpf*(t), if ¢ =00, p <00,
1l oo (&ny, if g =00, p= oo.
Observe that || - ||Le.« does not satisfy the triangle inequality.

There is another definition of Lorentz spaces by interpolation between L' and L?, cf. [Tar07]. Note that we have not
defined the space L7 for ¢ € [1,00). For simplicity, whenever a result on Lorentz spaces is stated in a way that
LP9 for p = 00, ¢ € [1,00] is admissible, we in fact only claim that result for p = 0o, ¢ = co. Next, we state some
basic properties of Lorentz spaces. The proofs are either easy exercises or they are contained in the above mentioned
articles and monographs (cf. also [Sch10b]).

Proposition 2.2. Let f € LPv% and g € LP>%, 1 < p1,p2,q1,q2 < 00.
(i) pr% + p% = Zl) €[0,1] and q% + q% = % then fg € LP? and ||fg||Le.e < ||fl|Lrr-ar ||g]|Lr2sas .

(ii) pr—ll + p% -1= %, 1< p1,p2,p < 00, and q% + q% = % then f+g € LP? and ||f * glloea < ||fllzrvar ||g]lLr2iaz.
(iii) For p; € (1,00), f belongs to LP*(R™) if and only if f € LP*P1. The "norms“ of LP*P1 and LP' are equivalent.
(iv) If p1 € (1,00) and q € [q1,00] then also f € LP11.

(v) ﬁ € Lx>°, whenever \ € (0,n).
(vi) If p1 € (1,2), q1 € [1,00] we have Hf/\HLP’l-m < Cp I fllLrrar and ||fv||Lp’1,Q1 < Cp I fllLrran -

(vii) Let A > 0. If we denote f(-) := f(\-), then ||f||prrar = A7 || f]|zoras -

(viii) Let supp f C D, where D C R™ is a bounded measurable set. Then, whenever oo > p; > p > 1, q € [1,00], we
1_1
have || fl|Lr.a < Cppiq [DIF 70 | fllLes
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2.2 Fractional Sobolev Spaces

Definition 2.3 (Fractional Sobolev Spaces by Fourier Transform). Let f € L>(R"™). We say that for some s > 0 the
function f € H® = H*(R™) if and only if A% f € L?(R™). Here, the operator A3 is defined as A3 f := (|-|SfA)v. The
norm, under which H*(R™) becomes a Hilbert space is ||f|\12qS(Rn) = ||f||2L2(Rn) + ||A%fH%2(]R”)'

In Section 2.3 we will state an integral representation for the fractional laplacian A2. Observe, that the definition
of A% coincides with the usual laplacian only up to a multiplicative constant, but this saves us from the nuisance to
deal with those standard factors in every single calculation.

Our next goal is Poincaré’s inequality. As we want to use the standard blow up argument to prove it, we premise a
(trivial) uniqueness and a compactness result:

Lemma 2.4 (Uniqueness of solutions). Let f € H*(R"), s > 0. If A2 f =0, then f = 0.

Lemma 2.5 (Compactness). Let D C R™ be a smoothly bounded domain, s > 0. Assume that there is a constant
C >0 and fr, € H*(R"), k € N, such that for any k € N the conditions supp fr, C D and || fx||gs < C hold. Then

17— 00

there exists a subsequence fy,;, such that fyr, —— f € H® weakly in H*, strongly in L3(R™), and pointwise almost
everywhere. Moreover, supp f C D.

Proof of Lemma 2.5.
Fix D C R™ and let n € C§°(2D), n =1 on D. One shows that the operator S : v — nv is compact as an operator
H*(R") — L%(R™), by interpolation [Tar07, Lemma 41.4] and the fact that it is compact for any s € N.

Lemma 2.5 O

With the compactness lemma, Lemma 2.5, at hand we can prove the following Poincaré inequality by the usual
blowup proof (for details see [Sch10b]). As in [DLR09, Theorem A.2] we will use a support-condition in order to
ensure compactness of the embedding H*(R") into L?(R™). This support condition can be seen as saying that all
derivatives up to order | 5] are zero at the boundary, therefore it is not surprising that such an inequality should hold.

Lemma 2.6 (Poincaré Inequality). For any smoothly bounded domain D C R™, s > 0, there exists a constant
Cp,s > 0 such that
I flle2@ny < Cp,s |1A2 fll2@ny,  for all f € H*(R™), supp f C D. (2.1)

If D =D for somer >0, then Cps= CD7STS.

One checks as well, that Cp s = Cp , if D is a mere translation of some smoothly bounded domain D. This is clear,

as the operator A% commutes with translations.
A simple consequence of the “standard Poincaré inequality” is the following

Lemma 2.7 (Slightly more general Poincaré inequality). For any smoothly bounded domain D C R™, 0 < s < ¢,
there exists a constant Cp; > 0 such that

||A§f||Lz(Rn) <Cpu HA%fHLz(Rn), for all f € HY(R™), supp f C D.

If D=rD for some r >0, then Cp; = Cprt=s.
Proof of Lemma 2.7.
This follows by the following estimate and scaling:
. s oA N N . L.2.6 A
[A2 fllez = (lI-[7 [Pz ST A le2@evsioy) + 1/ 2oy S NA2 fllz + 1 flle < Cpy |1A2 f|Le.
Lemma 2.7 [

The following lemma can be interpreted as an existence result for the equation AZw = v - or as a variant of Poincaré’s
inequality:

Lemma 2.8. Let s € (0,n), p € [2,00) such that

n—s n —2s
>

1
n p - 2n
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Then for any smoothly bounded set D C R™ there is a constant Cp s, such that for any v € S(R™), suppv C D, we
have A~2v € LP(R™) and
I1A72 0] Lo@n) < Cpp,s [[0]l L2

Here, A™2v is defined as (|-|”*v")Y. In particular, if s € (0,2),

||A*§U||L2(Rn) <Cps |[v] L.

n_n

If D =D, then Cpps=1"7"2 CD,p-,S'

Proof of Lemma 2.8.
We want to make the following reasoning rigorous:

s Pé-;,-fo) e A (%) . P22
1A= 20l ~ < Cp 17 v g < Co Il

>3 vss
pree 00 er < Cpag [0llpwz < Cag Cp llv]lLe.

To do so, we need to find ¢ € [2,00) such that (x) holds 1% = % + 2, which is possible by virtue of (2.2). Then the

validity of (x) follows from Proposition 2.2 and we conclude with scaling.
Lemma 2.8 [
The next lemma can be interpreted as an adaption of Hodge decomposition to the setting of the fractional laplacian:

Lemma 2.9 (Hodge Decomposition)._ Let f € L?(R"), s > 0. Then for any smoothly bounded domain D C R™ there
are functions ¢ € H*(R™), suppp C D, and h € L?>(R™) such that f = A3 ¢ + h almost everywhere in R™ and

/h A% =0, forallp € C(D).

R’!L
Moreover, ||h|| 2@y + [|A2 0] L2®ny < 5| f]l L2 rn)-

Proof of Lemma 2.9.
Set

s

E(v) ::/‘Aiv—f ?

R

,  for ve H*(R") with suppv C D.

One can prove via Poincaré’s inequality, Lemma 2.6, and the compactness lemma, Lemma 2.5, that F is coercive and
that consequently there exists a minimizer ¢ of E(:) in H*(R") with the support condition suppp C D. If we call
h := A%y — f, Euler-Lagrange-Equations and the minimization process itself imply the claimed properties.

Lemma 2.9 1

In fact, h will satisfy enhanced local estimates, similar to estimates for harmonic function, see Lemma 5.8.

2.3 An Integral Definition for the Fractional Laplacian

A further definition of the fractional laplacian for small order without the use of the Fourier transform are based on
the following proposition.

Proposition 2.10 (Fractional Laplacian - Integral Definition). (i) Let s € (0,1). For some constant ¢, and any
v e SR,
AZo(g) = cp / M dx  for any y € R™.
T—7
R‘IL

(i1) Let s € (0,2). Then,

Niulg = e [ 1IN0 20,

Rn
(i11) For any s € (0,2), v,w € S(R™)
Mo, [ [ St G ule) o,

T — y|n+s

R R” R™



2.4 Annuli-Cutoff Functions

(iv) Let s € (0,1). For a constant ¢, > 0 and for any v € S(R™)

||A%UH%2(]R" = //‘U n+2.s dl‘ dy

We will introduce the pseudo-norm [v]p s, a quantity which for s € (0, 1) actually is equivalent to the local, homoge-
neous H*®-norm, see [Tar07], [Tay96]. But we will not use this fact as we will work with s = § for n € N, including
n € N greater than 2. Nevertheless, we will see in Section 8 that [v]p 2 is “almost” comparable to [|A%v|12(py.

Definition 2.11. For a domain D C R™ and s > 0 we set

Vslu(z) VLSJu(22)2
//‘| nr2(s—Ls]) ’ le dZQ (23)

— 2|

if s € No. If s € No we just define [u]p s = [|Vul|L2(p).
Observe that by the definition of [-]p s it is obvious that for any polynomial P of degree less than s,

['U + P]D,s = [U]D,s~

2.4 Annuli-Cutoff Functions

We Will have to localize our equations, so we introduce as in [DLR09] a decomposition of unity as follows: Let
n=n"e€ CB20),n=1 in B1(0) and 0 < 5 < 1 in R™. Let furthermore n* € C§°(Bgr+1(0 )\ng 1(0)), k € N
such that 0 < 9% < 1, > 077 = 1 pointwise in R™ and ‘VZ k’ < C;27% for any i € Ny. We call nrw =~ (
though we will often omit the subscript when = and r should be clear from the context.

We want to estimate some LP-Norms of A%nfx. In order to do so, we will need the following Proposition which can
be proven similar to [Gra08, Exercise 2.2.14, p.108].

Proposition 2.12. For every g € SR™), pe€[1,2], s >0, —co < a < n% < f < o0, we have

s \A sta s+8
H(AW) ||LP(R") < Capyp (HA 2 g||L2(JRn)+||A 2 QHLZ(Rn))-

Proposition 2.13. For any s > 0, p € [1,2], there is a constant Cs, > 0, such that for any k € No, z € R”, > 0

denoting as usual p' := ﬁ,

EX A —s42
1 (A%05,)" le@n) < Cop (2Fr) 7777 (2.4)

In particular,
A 75+£/
IAZ 3 4| o ey < Cop (257) 777 (2.5)

Proof of Proposition 2.13.
Fixr >0,k € Nand z € R™. Set 7j(-) := 7} ,(x+2"r-). By scaling it then suffices to show that for a uniform constant
Csp>0

s AN
|| (A“?) ||LP(]R") < Cs,p- (26)

Scaling back we conclude the proof of (2.4). Equation (2.5) then follows by the continuity of the inverse Fourier-
transform from LP to LP" whenever p € [1, 2], see Proposition 2.2.

Proposition 2.13 [

Remark 2.14. One can show, that
||A%(T’T-70xa)||Lp(Rn) <Csp pstlalty for any p € [2,00], |a] < s, r > 0.

This is done similar to the proof of Proposition 2.13: First one proves the claim for r = 1, then scaling implies the
claim, using that

Mro(@)z® = rl®n o (r~ta) (rta)®,

As a consequence, A2 P vanishes for a polynomial P, if s is greater than the degree of P - in a weak sense:



3 Mean Value Poincaré Inequality of Fractional Order

Proposition 2.15. Let a be a multiinder o« = (a,...,qy), where a; € No, 1 < ¢ < n. Ifs > 0 such that
n

lal = > |a;| < s then
i=1

Rlim /nRxa Atp =0, for every p € S(R™).

R

Here, % := (1)t -+ (zp) "

We will use Proposition 2.15 in a formal way, by saying that formally A22® = 0 whenever |a| < s. Of course, as we
defined the operator A% on L2-Functions only, this formal argument should be verified in each calculation by using
that limpg_ .o, A2(nrx®) = 0, where the limit will be taken in an appropriate sense. For the sake of simplicity, now
and then we will omit this recurring argument.

3 Mean Value Poincaré Inequality of Fractional Order
By the Fundamental Theorem of Calculus one can prove the following

Proposition 3.1 (Estimate on Convex Sets). Let D be a convex, bounded domain and v < n + 2, then for any

v e C*®(R"),
o(@) — o) e
[ [Fo=h deay<co, [ 9ol a
D D

D

If v =0, the constant Cp ., = C,, |D|diam(D)?.
An immediate consequence for v = 0 is the classic Poincaré inequality for mean values on convex domains.

Lemma 3.2. There is a uniform constant C' > 0 such that for any v € C°(R™) and for any convez, bounded set
D cCR”

/|v _ ? < € (diam(D))? [Vol3(p)-

In the following two sections we prove in Lemma 3.5 and Lemma 3.6 higher (fractional) order analogues of this Mean-
Value-Poincaré-Inequality, on the ball and on the annulus, respectively. More precisely, for n* from Section 2.4 we
will only show that

R s
A2 (nrv)l[ 2@y < 1A% ]| L2Rn),
if v satisfies a mean value condition, similar to the following: For some N € Ny and a domain D C R” (in our example

e.g. D =suppn? and N = [s] — 1)

][8"‘@ =0, for any multiindex o € (Ng)", |a] < N. (3.1)

The necessary ingredients can be paraphrased as follows: For any s > 1 we can decompose AZ into Az o T for some
t € (0,1) and where T is a classic differential operator possibly plugged behind a Riesz-transform. So, we first focus
in Proposition 3.4 on the case A% where s € (0,1). There we first use the integral representation of Az as in Section
2.3 and then apply in turns the fundamental theorem of calculus and the mean value condition.

3.1 On the Ball

Proposition 3.3. Let v € [0,n+2), N € N. Then for a constant Cn and for any v € C*°(R") satisfying (3.1) on
some D = B, C R",

//'” ‘7 dyd;c<C’N 2N - 7//|VN ) = V()| do dy.
)
B, B,

10



3.1 On the Ball

Proof of Proposition 3.3.
Tt suffices to prove this proposition for B;(0) and then scale the estimate. So let » = 1. By Proposition 3.1,

//W dy dr < /|Vv(z>|2 dz

Bl B1 Bl

(31) / Vo(z) — (Vo)s, |? d=

//\Vv — Vu(z)|? dz dzs

Iterating this procedure N times with repeated use of Proposition 3.1 for v = 0, we conclude.
Proposition 3.3 [

Proposition 3.4. For any N € Ny, s € [0,1) there is a constant Cn s > 0 such that the following holds. For any
v e C®MR"™), r >0, zgp € R™ such that (3.1) holds on D = By,(xg) we have for all multiindices o, 8 € (Ng)",
lal + 18] = N

HA% ((aanr,xo)(aﬂv))HLz(Rn) < CN,S [U}B4T(zg),N+s~

Proof of Proposition 3.4.
The case s = 0 follows by the classic Poincaré inequality, so let from now on s € (0,1). Set

w(y) := (0n,(y)) (0 v(y))-
Note that suppw C Bs,.. Moreover, by the definition of 7,., we have
lw] < Cy, Tﬁla‘|8ﬁv{ < CNT‘B|7N|(?BU|. (3.2)

By Proposition 2.10 we have to estimate

2

IASw]|2, M de dy
D o \x—yl
Jw(2) —w(y)|” 1

R™\ By,

To estimate I1, we use the fact that suppw C Ba, to get

i < /\w 2 gy 2 208N /|aﬁ

(3%1) r2(B1-N- S)_"//‘aﬁ (x)’ dy dz.

Bar Bar
As 0Pv satisfies (3.1) for N — |3, by Proposition 3.3 for v = 0,
/ laﬂv(y) - 8’%(1‘)‘2 dy dx < r2N-18D / / ’VN —VNu(x )’2 dz dy.
By Bar Bu, Ba,

which altogether implies that

Furthermore, for #,y € By, we have r~""25 < |z —y| "7 **

1] < [v] By, N4s-
In order to estimate I, note that

lw(z) — w(y)| < r10%v(z) — 0%v(y)| +r~ 117z — y| [0%0(y)].

11



3 Mean Value Poincaré Inequality of Fractional Order

Thus, we can decompose |I| < |I1| + |I2| where

s 3
e [ [P,
-

Bar Bay
and
65
L = p08-N- 1)/ / | “n s da dy < r?W"*N)*QS/I8ﬁv(y)|2 dy
xr —
B47‘
3.1
@1 Tzum—m—(nws)/ / |09u(y) — 0%v(2)[ dy de.

By Bar

Using again that 0%v satisfies (3.1) for N — |3| on Ba,., by Proposition 3.3 for v = n + 2s

n =< [ 9 - v dxdw//'VN “Vl g,

By Bar By, Bar y|

and the same for I5. This concludes the case s > 0.
Proposition 3.4 [

Lemma 3.5 (Poincaré inequality with mean value condition (Ball)). For any N € Ng, s € [0, N+1),t € [0, N+1—3s)
there is a constant C s such that the following holds. For any r >0, zg € R™ and any v € C*°(R") satisfying (3.1)
for N and on D = By, (x¢), we have

s s+t
[AZ 0 2yl L2@r) < Cse 7 [V] By, (20) s+t < Cot T IAZ 0| L2y

Proof of Lemma 3.5.
We have A% =~ ATASAK for v = s — [s] € [0,1), § = |s] — 2 L%J € {0,1}, and K = FTJ € Np. As the Riesz
Transform R; is a bounded operator from L? into L? we can estimate
s AP 5 P.3.4 2
IAZo)le < D A2 ((0%0)(@%0) Iz < ([]Bar(wo).s)

a,BE(Ng)™
|a|+]B|=2K+35

If t = 0 this gives the claim. So let now ¢ > 0. For every s > 0 we have (using possibly the mean value condition if

s €N)
(Vilu(a) - Vilu(y))®
2
[IU}B47‘(3:0)7S / / y|n+2(s— Ls]) dx dy

By, Bar

If |s| = |s+t], this implies using |z — y| = r for x,y € By,
2 2t7, 12
[U]B47.(wo),s =<r t[U]sz,,v(a:g),s«H'
Possibly using Proposition 3.3 one concludes.
Lemma 3.5 [

By obvious modifications of the proofs, one checks that the result of Lemma 3.5 is also valid if v satisfies (3.1) on a
ball By, for A € (0,4). The constant then depends also on A.

3.2 On the Annulus

By similar methods, covering an Annulus by Family of convex sets without enlarging it too much, we can prove the
following lemma. For a proof we refer to [Sch10b].

12



3.3 Comparison between Mean Value Polynomials on Different Sets

Lemma 3.6 (Poincaré’s Inequality with mean value condition (Annulus)). For any N € Ny, s € [0,N + 1), t €
[0, N +1—5) there is a constant Cn s such that the following holds. For any v € C*°(R™), xo € R™, r > 0 such that
v satisfies (3.1) for N on D = A, = Bokt1,.(x0)\Bar-1,(x0) or D = Ax = Bok+1,.(20)\Bar, (o) we have

El t
1A% (0, 0) 2@y < Cae (257) )4, oies

where :
Ak = B2k+2T(IIJO)\B2k—27. (SC())

Again, one checks that the claim is also satisfied if v satisfies (3.1) on a possibly smaller annulus, making the constant
depending also on this scaling.

3.3 Comparison between Mean Value Polynomials on Different Sets

For a bounded domain D C R™ and N € Ny and for v € S(R™) we define the polynomial P(v) = Pp n(v) to be the
unique polynomial of order N such that

][8“(1) — P(v)) =0, for every multiindex o € (Np)™, || < N. (3.3)
D

The goal of this section is to estimate in Proposition 3.10 and Lemma 3.12 the difference
PBT(QJ)7N(U) — PB2k7,(x)\sz,1r(3:),N(U)7 for k € Z

in terms of A%v. To do so, we adapt the methods applied in the proof of [DLR09, Lemma 4.2], the main difference
being that we have to extend their argument to polynomials of degree greater than zero. We will need an inductive
description of P(v). As stated in the introduction, for a multiindex o = (aq, ..., ap) we set al := aq!... ! = 0%z®.
For i € {0,..., N} we denote

Qo) = QEAE)+ Y 5 et f 00 - QiEhw),
D

|a|=1

1 (3.4)
QBn) = Y w][ .
la|=N D
One checks that )
Q" = 0“P, whenever |a| > i, (3.5)

and in particular Q° = P. .
Moreover we will introduce the following sets of annuli (Note that in other sections A;, A; might denote different
annuli):

Aj = Aj(T) = szr\sz—lr, /ij = /L-(r) = Aj U Aj+1'

Proposition 3.7. For any N € N, s € (N,N + 1], D C Dy C R™ smoothly bounded domains there is a constant
Cp,,p,N,s such that the following holds: Let v € C*°(R™). For any multiindex o € (No)™ such that |a| =i < N —1,

/

D»

i o i D % . noyg
0*(0 - Q) - (0%~ QA0D) | < Coupe (1) dima(D) T+ [l

where [v]p s is defined as in (2.3). If D = rD, Dy = rDs, then Cp, DN,s = TN?iODQ,D,Ms'

-

Dy

Proof of Proposition 3.7.
Let us denote

(v~ QA — (9w - QEN)) |-

A first application of Holder’s and classic Poincaré’s inequality yields

1 i
I <Cp.p, |D2|? |[VO*(v — J}V)HLQ(DM'

13



3 Mean Value Poincaré Inequality of Fractional Order

Next, (3.5) and the definition of P in (3.3) imply that we can apply classic Poincaré inequality N —i — 1 times more,
to estimate I by

5 IoN (34 5 oN N
< Cpy.o.n [Da|? VY (v = Pon(0)llL2(ps) = Cpapn |D2]? VN0 — (VV0) llL2(Dy)-

If s = N +1, yet another application of Poincaré’s inequality yields the claim. In the case s € (N, N 4 1), we estimate

further
Ds| 2
I < Cp,pnN (||D2|> //‘VN No)|" do dy |

Doy Do

Nl

which is bounded by

D n+2 VN 2
Cp, DN (||D2|> diam (Do B //} |n+2 ( ){ dz dy
-y

The scaling factor for D = rD then follows by the according scaling factors of Poincaré’s inequality.

1
2

Proposition 3.7 [

Proposition 3.8. For any N € Ny, s € (N, N + 1], there is a constant C s > 0 such that the following holds: For
any j € Z, any multiindez |a| <i < N and v € C°(R")

Proof of Proposition 3.8.
Assume first that ¢ = N. Then if s € (N, N 4+ 1),

P (Q;j’N _ Q%Hl,N) H < Onu@r) 1% ol
Lo(A,) )

(3.4) . ) ny,
10°(QY, = QN DIz, < (271)N~ \al //|VN No(y)| de dy < (27r) 1175 o] 5

If s= N+ 1andi= N, one uses classic Poincaré inequality to prove the claim.
Now let i < N —1, s € (N, N + 1], and assume we have proven the claim for i + 1. By (3.4),

, , B - -
Qu, = Q. = Qi“j - f4]'+1
— ﬁ H—l B (v i+1
+ Z 2’ f@ A +1 ][ 0% A.7‘+1)
|B|=i

J+1

1
3 50| fore -a
|B]=1 A;

Consequently,

10°(Qh, = Qi Ml < 10%(@ = Q5 ll=ay)

J

i—|a z 1 2 1
+(@irylel 3 ][ 07w — Qi) - ][ (v — QL)
Aji

1Bl=i 4,

H@inyel 3 (@i

z+1
Aj1 )
|Bl=i

”L ®(Aj)-

Then the claim for ¢ + 1 and Proposition 3.7 conclude the proof.

Proposition 3.8 [

14



3.3 Comparison between Mean Value Polynomials on Different Sets

Proposition 3.9. For any N € Ny, s € (N, N + 1] there is a constant Cn s such that the following holds. For any
multiinder o € (No)", || <i < N, for anyr >0, k € Z and any v € S(R") if s — 5 & {i,..., N},

0@, ~ Qi )l 4y < O #1917 (2H0l01=8) gbemloD) o,
and if s — 5 € {i,...,N},
10 (@i, — Qi) 1) < O 1719175 260D (] 1 4 250D o],

Here as before, Ay = Bog,(x)\Bas-1,(z) and Ay = Bors1,(2)\Bok-1,.(x).

Proof of Proposition 3.9.
For the sake of shortness of presentation, let us abbreviate

di® = 10%(Q, — Q) (4,)-
Assume first ¢ = N.

(3.4) g
ave X - ][aﬁu—][aﬁ

\5| N -

< (Ax)
A
< (2Fp)N el ][v%f][v% ~ (2Fp)N-lel Z ||Bl vV ][VNU.
BT Ak L Ak:
0
As ‘lglll =2"(1 -27") and thus ) ‘lglll =1, for k > 0 we estimate further
- = |Br
0 k—1
< (2kp)Nlel Z 2ln ][VNU—][VNU < (2Fr)Nolel 3 gl fVNU ][ vy
l=—00 l_—oo Jj=l AJ j+1
(%) k N | in J N _
< (2% Z 2 Z 27 |V v(x) ? dw dy
l=—00 PO

= 2k N—|af Z QInZ 2] 7§+s N [”]Ajs

l=—00

Of course, if s = N + 1, one replaces the estimate in (¥ ) and uses instead Poincaré’s inequality. If k& < 0 one has by
virtually the same computation,

k—1 0 =1
d;iv (2k)N la| sf——|a ( Z 2ln22j(—£+s N) UA Z Z ](*ﬁJrs N) U]fb,s)'
l=—o00 =k J=k

Now we have to take care, whether s — 5 — N = 0 or not. Let

L3R ifs—2-N=0,’ |1, ifs—2—-N=0.

k(s—5—N : n l(s—T_N . n
ak.:{Q(s 2 ), lfs—i—N#O, 1:2{2(3 2 ), lfs_i_N#O,
2 2

Then, applying Hélder’s inequality for series, dliv’a is estimated independently of whether £ > 0 or not, by

0 > ’
(Qk)N—|a\rs—|a\—% Z gln (ar + by) Z [U]i]ﬁ
l=—00 J=—oo
0
< s (B 3 2 e
l=—00

n

< ETl g (2HV gy 4 2FOVTleD)

15



3 Mean Value Poincaré Inequality of Fractional Order

This concludes the case i = N. Next, let ¢ < N and assume the claim is proven for ¢ 4 1.

e = 0*(Q%, — Qu ) (i)
(3.4) dz—i—l @ + Z 2k i—|af ][aﬁ QH‘l ][8/3 Q“‘"l
|B|=i
) d?_l’a + Z (ri)l— o Cn 2ln ][65 l+1 ][55 Z+1 )
|B]=1 l—_°°

where ¢, 2" = I‘A |‘ SO E 2! = 1 as we have done in the case i = N above. We estimate further,
l=—00

. 0 X
dZa <d;‘:l,a_i_ Z (zkr)l—\al Z oln d;“’ﬂ—i- ][3ﬁ( Qz+1 ][aﬁ z+1
A

18]= I=—o0

As above in the case i = N we use a telescoping series to write

][aﬂ z+1 ][65 z+1
Ay
k—1

k—1
P> (HaB(Qz’l N Zil) Le(ay ][ |07(v = QU7 - ][ s iltilﬂ) =) (I +11;).
a ' Aj J+1

J=l

Again we should have taken care of whether [ < k — 1 or k — 1 <[, but as in the case i = N both cases are treated
the same way. The term I;, I1; are estimated by Proposition 3.8 and Proposition 3.7,

L=< (@) g = (@) g

II; < (20r) 75T o] = (20)TE ol

K

Hence,
1
k—1 k—1 2
f@ﬁ(v H'l ][5'6 H'l <SRy (20)si g [v}&ﬁ <757 F (a4 by) Z[U]ii,-,s ,
A j=l j=l

for a; and by, similar to the case i = N above defined as

kls=5—1)  jfg—2 U(s—%—1) fo_n _y
ak'—{Q ifs—5 —i#0, bli—{2 27 ifs—5—i#0,

L3R ifs—2-i=0, |1, ifs—2—i=0.

Plugging all these estimates in, we have achieved the following estimate
d;c,a ) d;:l,a + Z (2’%’)2 a Z 2lnd;+1’ﬁ + ps—lal=% gk(i—lal) (ar + 1) [v]gn -
|B|=i l=—00

In either case, whether s — 5 — i = 0 for some 7 > 4 or not, using the claim for i + 1 we have

5T ) S 2 < O 5

18] =i I=—c0

Proposition 3.9 [
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3.3 Comparison between Mean Value Polynomials on Different Sets

n
2

Proposition 3.10. For a uniform constant C > 0, for any v € S(R®), r >0, k € N

1mE(Pp,,121-1(v) = Pa, j21-1() [l @ny < C (1+ [KD A% ]| L2 (@n).-

As an immediate consequence of Proposition 3.9 for ¢ = 0, |a| = 0, and s = %, we get the following two results.

Here, Ay = Boxs1,(x)\Bok, () and Ay = Boks1,(x)\Bar—1,(z).
Proposition 3.11. There exists a constant C > 0 such that for any r > 0, g € R, k € Ny, v € S(R™) we have

n
2

177,20 (v = Pl 2eny < C (2°7) % (L4 [K]) |AT0]| 2 mn),

where P is the polynomial of order N := {%1 —1 such that v— P satisfies the mean value condition (3.1) in D := Bay,..

Here, in a slight abuse of notation for k=0, nF =n, — N1y for m from Section 2.4.

Proof of Proposition 3.11.
Let Py be the polynomial of order N = [%1 — 1 such that v satisfies the mean value condition (3.1) in Bgx,.\Bak-1,.
We then have,

177 (0 = P)[ 2@y < [0 (v = Pa)llzzny + (2°7) % 07 (P — P o=
As Proposition 3.10 estimates the second part of the last estimate, we are left to estimate
[nF (v — Py)lr2ny < C(2°7) % [|AT 0| g2y

But this is rather easy and can be proven by similar arguments as used in the proof of Lemma 3.6: as by classic
Poincaré inequality and the fact that by choice of Py the mean values over Byk+1,.\ Bak,. of all derivatives up to order

| 5] of v — Py are zero, so

[5] n
9% (v = Pe)ll ey < (2°7) 27 (VL) (0 — Po)llL2(Byis \Byr_1,)-

If n is an even number, this proves the claim. If n is odd, we use again the mean value condition to see

2
199 (0 = POl 5y \Bes ) < ][ / T¥oe) - TVo)|? de dy

Bakt1,\Bak, Bok+1,\Bak—1,.
k,\"2L%] n
=< (2 7') 2 ||A4UH%2(R”)'

Taking the square root of the last estimate, one concludes.
Proposition 3.11 [

We will need the following a little bit sharper version of Proposition 3.10, too. The interested reader might compare
what follows to [DLR09, Lemma 4.2] which is a special case of the next result.

Lemma 3.12. Let N := [§] —1 and v > N. Then for ¥ = —N + min(n,v) and for any v € S(R"), B,(x9) C R",
r >0,

> 27 |(P, N (©) = Pa v @)l s ipy S Cy Y 2797 ol g,
k=1 j=—00
Here, Ay, = Bors1,(z)\Box, () and Ay, = Bok+1,(x)\Bor—1,(z).
More precisely, we will prove for ¢ € {0,..., N}, that whenever v > N, |a| < 4, for ¥ := min(n — N,y — N)

oo oo

> 2 M0 @, — Qallgay < Cov {77 Y 275 ol

k=—o0 j=—0o0

n
’2

This more precise statement will be used in the estimates for the homogeneous norm [-]s, Lemma 8.1.
Proof of Lemma 3.12. 4
As in the proof of Proposition 3.9, set d* := [|0%(Q%p, — QY4 )|l ~ 4, Moreover, we set

[e'S) 0
i, —vk gi,0 4,00, vk gi,a
She=3"27k @ and S0 = Y 2k a4
k=1 k=—oc0
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4 Integrability and Compensation Phenomena: Proof of Theorem 1.4

We will only treat the case Si’cﬁ the case of Sf;o‘ is done analogously. By the computations in the proof of Proposi-
tion 3.9, for any |a| < N,

N,a
S’Y
o) 0 k—1
=< T7|o¢\ Z Z ZQ*jN+ln7'yk+kN7k\a| [’U]~ .
Aj g
k=1ll=—oc0 j=lI
0 7 o)
- plal Z 9—iN Wi » Z Zzln gk(N—=v—|al)
i3
Jj=—00 l=—00 k=1
0o 0 0o
—|a —jN _ In ok(N—vy—|a|
D SEERRCUFIPED DIED DI A
j=1 l=——o0 k=j+1

w3

0 [e'S)
>N ; i
~la J(n=N) 1] - —lal J(=v=lal) 14 -
< r > 2 [z, 2+ § :12 [v]4,
]:

Jj=—00
For 0 <i < N — 1, using the computations done for the proof of Proposition 3.9,

0o o] 0 k—1
spo < sibe g pitlel 3 S ginlalmn) gty polal N gkimlal=) $ gl S g
k=1 j=l

|8l=i k=1 I=—o0

. 0 [e's)
y>u i+1,« i—|a i+1,8 —|a j(n—1 —|a i(—y—|a
0 sira g piclal § GOy el $ 9imd [y polel S gied [
j=1

1l=i j==o0

=V githa | il GiHLB ol : i (n=N) 1,1 - “lal N gi(——lal) [y] -

= 5 + r lzl: o+ Z [v]Aj’% + 7 Z; [U}Aj,g
Bl=i j=—00 j=

Consequently, one can prove by induction for ¢ € {0,..., N}, that (3.6) holds whenever v > N, |a| < i, for 7 :=
min(n — N,y — N), ie.

oo
S@’Q+Sﬁi <Cyn rlal Z 9—lil¥ [U]Aj,% ,
j=—00

Taking : = 0, « = 0, we conclude.

Lemma 3.12 [

4 Integrability and Compensation Phenomena: Proof of Theorem 1.4
We will frequently use the following operator
H(u,v) := A% (uv) — (ATu)v —ulAiv, for u,v € S(R™). (4.1)

In general there is no product rule making H(u,v) = 0, or H(u,v) an operator of lower order, as would happen if
n € 4N. But in some way this quantity still acts like an operator of lower order, as Lemma 4.1 shows.

This was observed in [DLR09]. As remarked there, the compensation phenomena that appear are very similar to the
ones in Wente’s inequality (see the introduction of [DLR09] for more on that). In fact, in this note we would like to
stress that even an argument very similar to Tartar’s proof in [Tar85] still works.

It is easy to see that for any z,y € R™ and any p > 0, 6 € [0,1] we have for a uniform constant C, > 0

[P |y Pt if p € (0,1],

|z —y[" — |y’ — |z’ < C 1 1.
Uyl + fallylP T i p > 1

Consequently,

Lemma 4.1. For any u,v € S(R™) we have in the case n = 1,2

[H (u,0)"| < O [(A%w)" |+ (A% )" (6),

18



and in the case n > 3

n—2

(H(u,v))"| < C ‘(A 3

u)™| *|(A2v)" *

+Clatu

Theorem 4.2. (Compare to similar results in [Tar85], [DLR09, Theorem 1.2, Theorem 1.3])
Let u,v € S(R™) and set
H(u,v) == A% (uv) — vATu — uATo.

Then,
[H (u,0)M| 21 @y < Cn |ATul| 2y [[AT 0] 2 (mr).

and
[H (u,v)|| p2(gny < Cn (AT 0)" || p2ioo ) [[AT0| L2 (R0)-

In particular,
||H(U7U)HL2(RH) <Cp, ||AZ’LLHL2(]R7L) HAZ’U”LZ(R")'

Proof of Theorem 4.2.
Lemma 4.1 implies, in the case n = 1,2

(H ) <0 (175 [@F0]) « (1 at))

and in the case n > 3

n—2

(H (o) < C (17 AT )« (77 (@) + ¢ (1

Now we use Holder’s inequality: By Proposition 2.2 we have that

n

o y(A%u)A]) « (wly(ﬁvm) .

Hf% c L4,oo(]Rn)7 L2. A L%Q’ L2000 . [400 — L%’Oov
-1 n,00 (RN 2 n,00 2.2 2,00 n,00 Eeths
|7 € Lm(R), L2 Lmee C Luntz?, [2o0. [0 C [nie,
n—2

2

€ Lim®(R"Y), L% Ln2™® C [o1?, [2%°0. [n3™ ¢ [T
Moreover, convolution acts as follows

4 4 4 4
L32x L3? C L>!, L3« L3:2 C L?,
2n

2 1 2 1
L"J:272 *L"il’Q C LQ,I’ Ln+2’2 * anlﬁoo JanIé,OO * Ln%l-,Q C LQ'

We can conclude.

Theorem 4.2 [

5 Localization Results for the Fractional Laplacian

Even though A? is a nonlocal operator, its “differentiating force” concentrates around the point evaluated. Thus, to
estimate AZ at a given point  one has to look “only around” z. In this spirit the following results hold.
5.1 Multiplication with disjoint support

In [DLRO9] a special case of the following Lemma is used many times. As a consequence of lower order effects
appearing when dealing with dimensions and orders greater than one, we will need it in a more general setting,
namely for arbitrary homogeneous multiplier operators.

Lemma 5.1. Let M be an operator with Fourier multiplier m € S’ (R™,C), m € C*(R™\{0},C), i.e.
Mv = (mv")Y  for anyv € S.

If m is homogeneous of order & > —n, for any a,b € S(R™,C) such that for some v,d > 0, x € R", suppa C B,(x)
and supp b C R™"\Bg4~(z),

[ | < Car ey Bl

n
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5 Localization Results for the Fractional Laplacian

. . . t .
An immediate consequence, taking m := |-|*, is

Corollary 5.2. Let s,t > —n, s+t > —n. Then, for all a,b € S(R™,C), such that for some d,~y > 0, suppa C By (z)
and suppb C R™\Bg1~(z),

/A%“ AZB < Chop ™" a1 [1B]| 1

Lemma 5.1 follows from the following proposition, as the commutation of translations and multiplier operators allows
us to assume supp a C B,(0) and suppb C R™\ B, 4(0).

Proposition 5.3. Let m € C®(R™"\{0},C)NS". If for some § > —n we have that m(A\x) = Nom(x) for any
x € R"\{0} and any X\ > 0,

/m M < O 70 gl @ny,  for any o € C(R™\B(0),C), d > 0.

Proposition 5.3 again follows from some general facts about the Fourier Transform on tempered distributions:
Proposition 5.4 (Fourier Transform and Homogeneity).

(i) (See [Gra08, Proposition 2.4.8]) Let f € S (R™,C) and f € C(R™\{0},C). If moreover f is weakly homoge-
neous of order § € R, i.e. flp(\)] = A""0f[¢], for all ¢ € S(R™,C), then f,f¥ € S (R",C) also belong to
C>*(R™\{0},C).

(ii) Let | € S/(R",(C), If f is weakly homogeneous of order § € R, then f" € S/(R”,(C) and fV € S,(R”,(C) are
weakly homogeneous of order v = —n — 9.

(iii) Let g € S’ (R™,C), g € C®(R™\{0},C). If g is weakly homogeneous of order ~y, then also pointwise g(\z) =
Ag(z), for every x € R"\{0}, A > 0.

(iv) Let g € 8 (R",C), g € C°(R"\{0},C). If there is v < 0 such that g(Ax) = XN'g(x) for every x € R"\{0}, A > 0
then

'/g <p‘ < d||gll o sn-1y l@llLr@ny,  for every o € C°(R™\B4(0)), d > 0.

5.2 Equations with disjoint support localize

As a consequence of Corollary 5.2 we can de facto localize our equations, i.e. replace multiplications of nonlocal
operators applied to mappings with disjoint support (which would be zero in the case of local operators) by an
operator of order zero:

Lemma 5.5 (Localizing). Let b € Hz(R™). Assume there is d,y > 0, * € R" such that for E := B, q(%),
suppb C R™\E. Then there is a function a € L*(R") such that for D := B, (z)

/A%b ATy = /a @, for every p € C§°(D)

R" R™
and |lal|p2®n) < Cp,pl|bllL2@n).-

Proof of Lemma 5.5.
We are going to show that

lf (o) :== /A%b A%gp < CD7E||Q0||L2(R7L) for every ¢ € C§° (D). (5.1)

Then f(-) is a linear and bounded operator on the dense subspace C§°(D) C L?(D). Hence, it is extendable to all of
L?*(D). Being a linear functional, by Riesz’ representation theorem there exists a € L?(D) such that f(p) = (a, ) L2(p)
for every ¢ € L?(D).
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5.3 Hodge decomposition and Local Estimates of s-harmonic Functions: Proof of Theorem 1.6

It remains to prove (5.1), which is done as in the proofs of [DLR09]. Set r := 1(y + d), so that E = By,(z) D D.
Applying Corollary 5.2
oo (o)
/A%b Atp=3" /A%(nfwb) At =Y I
B k=1 gn k=1
If k > 3, using that the support of ¥ and ¢ are disjoint, more precisely by Corollary 5.2,

C.5.2 _ _3 _3
I = 272 b g gl o ey < 2725 00l ) ol ey < 27 257 [Bl| ooy ]| 22y -

For 1 < k < 3 we use that the support of a and ¢ are disjoint, to get also by Corollary 5.2

1T < d™*"||b]| 2w

¢llL2(p)-
Consequently,

> 1L < Cp lbll2@e) llellzz)-
k=1

Lemma 5.5 [

5.3 Hodge decomposition and Local Estimates of s-harmonic Functions: Proof of
Theorem 1.6

2
If for an integrable function h we have weakly Ah = 0 in a, say, big ball, we can estimate ||h||z2(5,) < C (%) Ihllz2(B,);

for 0 < r < p. The goal of this subsection is to prove in Lemma 5.8 a similar estimate, for the nonlocal operator A% .

Proposition 5.6. Let s € (0,5). Then for any x € R", r >0 and v € S, such that suppv C B,.(z), and any k € Ny,

|||(A%777]f,3:)/\| * ’(Af%U)A‘Hm(Rn) < C'sTkS||U||1'ﬂ(]R»wr)-

Proof of Proposition 5.6.
By convolution rule we have

I[(AZnE) " * [(AT20) L2 @ny < 1(AZ0E) 21 @ny IAT20)" [ L2@n)- (5-2)

By Lemma 2.8, ‘ ‘
1A= 30) |2y = 1A Follaan) < Cor[[o] 2qen)- (5.3)

Furthermore, Proposition 2.13 implies
(A2 ) ey < Cs(257) 7% (5.4)
Together, (5.2), (5.3) and (5.4) give the claim.
Proposition 5.6 [
As a consequence we have

Proposition 5.7. There is a uniform constant C' > 0 such that for any r > 0, x € R, v € S, such that suppv C
B, (z), and for any k € Ny
n —_n —kl
|A% (s A5 0) || L2(eny < C 27770 L2 (gem)-

Proof of Proposition 5.7.

We have according to (4.1) A% (nf A~%v) = (A%nF )A~%v +nf v+ H(nf,,A"%v). By the support condition
on v for k > 1 we have nf v = 0 so trivially for any k € No, |[n¥ 0| 12@n) < 22 27F%||v||2(rn). Next, applying

n n

Proposition 2.13 for s = § and p = 4 and Lemma 2.8 for s = & and p’ = 4, we have

H(A%nE A F 0l 2y < AT A F ol pe < 275505 0% o] 0.
Thus, we have shown that

1A% (07 o A7 5 0)l|2(@ny < 27 F (|0l L2y + 1H (172, A7 50) | L2 (5:5)
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5 Localization Results for the Fractional Laplacian

By Lemma 4.1 we have that in the case n = 1,2
IHME o A7 50) | L2@ey < [[(AF0E )] * [(A750)M | L2,

and in the case n > 3

V2 A7 F0) g2y < (A" 080"« | (A5 0) Iz + (AR )"+ [(A30) 122
That is, in order to prove the claim we need the estimate
[(AZnE )" |+ [(AT20) M|l L2 < Cs 275 Jv]| 2 (5.6)
where s = % in the case n = 1,2 and s = ”7_2 or s = 1 in the case n > 3. In all three cases we have that 0 < s < %
and Proposition 5.6 implies (5.6). Plugging these estimates into (5.5) we conclude.
Proposition 5.7 [
Lemma 5.8 (Estimate of the Harmonic Term). Let h € L?(R™), such that
/h ATp=0 for any ¢ € C(Ba,(2)). (5.7)

]Rn
for some A > 0. Then, for a uniform constant C >0, ||h||2(B, (2) < C A~ 2l 2 (rm) -

Proof of Lemma 5.8.

It suffices to prove the claim for large A, say A > 8. Let ky € N, kg > 3, such that A < 2% < 2A. Approximate h
by functions h. € C§°(R™) such that for any ¢ > 0 the distance ||h — h|z2rn) < € and ||he||p2@ny < 2[|h]|L2®n). By
Riesz’ representation theorem, ||h.||12(p, (2)) = sup, | hev, where the supremum is over all v € C§°(B,(x)) such that
|lv]|r2 < 1. For such a v, by Proposition 5.7

1A% (g LA™ 5 )| f2eny < C 275, (5.8)

In order to apply (5.7), we rewrite

ko—2

/he vo= Y /h AF (kA7) + > /h At Ay = T+ 11
k=ko—1 k=0

The second term I goes to zero as € — 0. In fact, for k < kg — 2 we have that supp 77571 C Bar(z) and thus

n n . n n n n (5.8)
[ heatehamto) D [—n) A%k, A ) << [ATGEA o)l £ Ca e,

Rn

For the remaining term I we have, using again Proposition 5.7,

(5.8) e o
I < Bl Y, 275
k=ko—1

We arrive at [h. v < Ce +CA™3 2|l 2 (&), which converges to the claim if ¢ — 0.
Lemma 5.8 [J

Now we are able to prove Theorem 1.6.
Proof of Theorem 1.6.
As usual we have [|v]|2(p, (2)) = sup; [ v f, where the supremum is taken over all f € L?(R™) such that || f||> < 1. By

Lemma 2.9 and Lemma 5.8, we decompose f = AT+ h, o € Hz(R") and supp ¢ C Ba,(z), Al 2B, () < C A—d
for arbitrarily large A > 0. Thus, by the support condition on v,

||UHL2(B7-(ZE)) <C sup /UA%QD—FC'A_i ||UHL2(B7-({E))'

PECE (Br(2))
IAT el 2 gn, <1
Taking A large enough, we can absorb and conclude.

Theorem 1.6 J
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5.4 Products of lower order operators localize well

5.4 Products of lower order operators localize well

s

The goal of this subsection are Lemma 5.10 and Lemma 5.11, which essentially state that terms of the form A3a AT ~3b

“localize alright”, if s is neither of the extremal values 0 nor 7.

Proposition 5.9 (Lower Order Operators and L?). For any s € (0, %), My, My zero multiplier operators there exists
a constant Cpr, pr,,s > 0 such that for any u,v € S,

—n

2s—n _s
||M1A 14U M2A 2'U||L2(]Rn) < C’MI,M275||UHL2(R71) HUHL2(R”)-

Proof of Proposition 5.9.

Set p:= 2 and ¢q := n2_”2g As 2 < p,q < oo (using also Hérmander’s multiplier theorem, [H6r60]),
s—mn s P,q€(1,00) s—n s
IMIAST u MyA™ 50| 12 =< IAST | [|A 30| La
P,q€[2,00)
P.2.2 2s—n _ 2.2
= = wM e 1172 0 Mg < llullze [Joll e

Proposition 5.9 [

Lemma 5.10. Let s € (0, %) and My, Mo zero multiplier operators. Then there is a constant Cpy, ar,,s > 0 such that

the following holds. For any u,v € S and any A > 2,

IMiAZu MaAT~ 20| 12, (a)) < Oty Mas (llAZullem(x)) +AT? Zkallnfr,xAZUIm) |AT ]| e
k=1

Proof of Lemma 5.10.
As usual
HA%MIU A%_% MQ’U”LZ(BT(m)) = sup

$ECE(Br(2),0)
llellp2 <1

/MlA%u MyAT™2 p cp’.
For such a ¢ we then decompose A3 into the part which is close to B,(x) and the far-off part:

/MlA%u MyAT~3 g %)

s

- /MlA%‘%(nATA%u) MyAF—3 y ¢+Z/M1A%‘%(U§TA%u) MyA=3A% v
k=1

(o)
= I+ II.
k=1
We first estimate the I by Proposition 5.9
1] < llnarA¥ul| 2 AT 0|z

In order to estimate I, observe that for any ¢ € C§°(B,(z),C), |l¢llr2 <1, s € (0,2), if we set p := 2% € (1,2)

n+2s
_s ,an s _s A n p'>2 s —s n A
o MoAT2 A% || < 1 [AT2ATY| ey < 77 |I[] (A50)" || o2 rm 59)
_ n A n .
< M2 e 1(AT0) e < r® AT V]| z2.
Hence, as for any k > 1 we have dist(supp ¢, suppn},.) = 2¥Ar,
s_n, p n n_s L.5.1 k —n—st 2k n n_s
MiA>T 3 (R, A% u) MoAT™2 vl < (2°Ar) g At ullpy |M2AT72 v |
(5.9) n n
R gk gk Atull s A %o e,
Lemma 5.10 [
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5 Localization Results for the Fractional Laplacian

By a similar argument, one can prove the following Lemma.

Lemma 5.11. Let s € (0, %) and My, My be zero-multiplier operators. Then there is a constant Cay, p,.s > 0 such

that the following holds. For any u,v € S and for any A > 2, r > 0, B, = B,.(z) C R",

s

HMlA%u MQA%_i ’UHLQ(BT(I))

o0
< OMy Moy (llﬁAmAZUHH Hnl\r,wA%vHLZ + A" HnAr,mA%U”N Z2Sk||775€\chZUHL2>
k=1

oo
+Cry Mos N TF s AT L2 22(5’%)l||77§w@A%v||Lz
=1

o0
HOMy My A7) 27 RGNk A | e [|nh, AT ] e
k=1

5.5 Fractional Product Rules for Polynomials

It is obvious, that for any constant ¢ € R and any ¢ € S, s > 0, A3 (cp) = cAZ . In this section, we are going to
extend this kind of product rule to polynomials of degree greater than zero, which in our application will be mean
value polynomials as in (3.1). As we have to deal with dimensions greater than one, our mean value polynomials will
be in general also of arbitrary degree, making such calculations necessary.

Proposition 5.12 (Product Rule for Polynomials). Let N € Ny, s > N. Then for any multiplier operator M defined
by
(Mv)" =mv”,  for anyv € S,

for m € C(R™\{0},C) and homogeneous of order zero, there exists for every multiindex 3 € (No)", |3 < N, a
multiplier operator Mg = Ma s n, Mg = M if |B] = 0, with multiplier mg € C°(R™\{0},C) also homogeneous of
order zero such that the following holds. Let Q = x* for some multiindex o € (Ng)", |a| < N. Then

MA3(Qy) = Z 2°Q MQA%Ww for any ¢ € S. (5.10)
1BI<]e

Consequently, for any polynomial P = > caz%,
le|<N

s—=18]

MA: (Pyp) = Z P MgA™" ¢ forany p € S.
[B|<N

Proof of Proposition 5.12.

The claim for P follows immediately from the claim about @ as left- and right-hand side are linear in the space of
polynomials. We will prove the claim for @) by induction on N, but first we make some preperatory observations. For
an operator M with multiplier m as requested, for a € (Np)™ a multiindex and s € R set

1
(2ni)

Ma,s(€) = €117 92 (1€)* m(€)), ¢ e R"\{0},

and let M, s be the according operator with m, s as Fourier multiplier. In a slight abuse of this notation, for
multiindices with only one entry we will write

Mps=M,, s forke(l,...,n),

where ay = (0,...,0,1,0...,0) and the 1 is exactly at the kth entry of ay. Note that mq s(-) is homogeneous of
order zero. Also, we have the following relation for any s € R,

(Ma,S),@,‘g_m\ = Ma+ﬁ,s- (5.11)
Observe furthermore that )
z1v(z) = _T(aﬂmv(m),
i
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5.5 Fractional Product Rules for Polynomials

so for s > 1
(MAZ((10)"(6) = —5 = AMAZ) () + = Dr(m(9)|¢]") v" (),

that is B
MAZ(()10)() = 21 MAZv + My A7 v, (5.12)

So one could suspect that for @ = z* for some multiindex «, |a| < s,

&
MA3 => 0 Qﬂ'Mﬁs
|B|<s

go. (5.13)

where ! := B;1!...8,!. This is of course true if @ = 1. As induction hypothesis, fix N > 0 and assume (5.13) to be
true for any monomlal Q of degree at most N < N whenever s > N and M is an operator with the desired properties.
Let then Q be a monomial of degree at most N, and assume s > N. We decompose w.l.o.g. Q = x1Q for some
monomial Q of degree at most N — 1. Then,

AR (Qp) "2 p A (@p) + My AT (Qw). (5.14)
For a multiindex 3 = (31,...,3,) € (Ng)" let us set

Tl(ﬁ) = (61+1a527"'5ﬁn) and T—l(ﬁ) = (51_17ﬁ27"'7ﬁn)'

Observe that
9% (21Q) = 10O Q + 1,0°Q. (5.15)

Applying now in (5.14) the induction hypothesis (5.13) on M A% and MLSA%I, we have

(5.11)

MAY(Qyp) > 00'Q M. AF pr Y 0G5 (M, 5,) AT

181<s 13| <s—1

Next, by (5.15)

s—161 _ 51 =181 = |m(B)]
Zaﬁ(mQ) 5,M[37 AT Y= Za (B)QBMﬂsA v+ Z 9°Q B M. s 2 ¢
IBI<s ‘ﬁﬁl‘; |B]<s—1
s=1l
Z 86(1'1@) M,Bs ®.
1B]<s

Proposition 5.12 [

Proposition 5.13. There is a uniform constant C' > 0 such that the following holds: Let w € S and P any polynomial
of degree at most N := [5] — 1. Then for any A > 2, B.(x¢) CR", p € C§°(B,(x0)), ||A%<p||Lz(Rn) <1,

||A%(P<P) - PA%SOHL?(BT(W))

< C (AZ(UAT,M (u = P)llz2@ny + 1A% w2 (Bon, wo)) + A" 22_k||77§r,moAzu||L2(Rn)>-
k=1

Proof of Proposition 5.13.
By Proposition 5.12 (where we take M the identity and s = §) AT (Pp)— PATp= Y O°P MgA—1 . As

we estimate the L2-norm on B, and there Nar = 1, we will further rewrite

Y P melu—PYMA T o Y 9P

1<|BISN I<|BISN

=: Z (Ig+11p) on B (z).
1<|BISN
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6 Local Estimates and Compensation: Proof of Theorem 1.5

As 1 < |B] < N < %, we have by Lemma 5.10 for v = ¢

1 Tgll 25,y << ATl L2(Byn) + A 27F Ik, AT ul 2.
k=1

We can write
208|-n . n 1Bl , n

Is :MﬁA 4 AZ(T]A,,«(U—P)) MﬁAiTA%gO
and by Proposition 5.9 applied to A% (na.(u — P)) and A% for s = |3

||Iﬁ||L2(1Rn) = HA%(UAT(U_P))HLQ(R”)-

Proposition 5.13 []

6 Local Estimates and Compensation: Proof of Theorem 1.5

Theorem 1.5 is essentially a consequence of the following two results.
Lemma 6.1. There is a uniform constant C' > 0 such that for any ball B,(z0) C R, ¢ € C§°(B,(x0)), |[A%T ¢l <1,
and A > 4 as well as for any v € S(R™),

n 1 n
HH(UWO)HLQ(B,,-(I())) < C ([U]B4Ar(mo)’% + ||A4UHBZA7-(IO) +A72 ||A4U”L2(R")) .

Proof of Lemma 6.1.
We have for almost every point in B, = B, (),

H(v,p) = Af(vp) —vATp— pATo = AT (nr,09) — nar0AT 0 — @A (a0 + (1= nar)v)
—. I—II—TIII.

Then we rewrite for a polynomial P of order [ 4] — 1 which we will choose below, using again that the support of ¢
lies in B, so ¢pna, = ¢ on R™,
I'= A% (nar(v—P)p) + A1 (Pp),

IT = nar(v — P)AT @+ PAT o,
IIT = A% (nar (v — P)) 4+ A% (nar P) + A% ((1 = nar)v).
Thus I — IT — ITI = I + IT — III, where

I = H(na(v—P),yp),

IT = A%(Pp)— PAiy,

I = @A%(P+(1—na)(v - P)).

Theorem 4.2 implies \|I~||L2(Rn) < |A% (nar(v — P))|| 2, Proposition 5.13 states for u = v and s = 2 that

T2,y < [A%Ar (v = P)llr2@e) + 1A% 0l 200, + AT Y27 [0k, AT 0]l 2gn)
k=1

< [A%T9ar(0 = Pl e@n) + AT 0] 128y, + AT HIAT V]| 2 (0.

It remains to estimate 171. Choose P to be the polynomial such that v — P satisfies the mean value condition (3.1)

for N = [5] -1 and in Bop, (o).

We have to estimate for ¢ € C§°(B,), |||z <1,

/fﬁw = /W AT (P + (1 —nar)(v— P)).
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Note that
P+ (1—nar)(v—P)=nar-P+ (1 —narv) € S(R"),

SO we can write
[T = [atwe) Pr-mo-P)= lm [ At@omnp+ [ A0 - )0 P)

By Remark 2.14 we have
/A%(@/Jcp)nRP =o0(1) for R — oo,

so in fact we only have to estimate for any R > 1

s n L51 3,
3 / 6o A mpnk (0 —P) P2 @A e 0k (0 — Pl
k=1

2

k=1
L.2.6 o a
<5 T E (0 — P
k=1
P.3.11 n N N .
< A7z 22—k5(1—|—k) AT 0] L2@ny < A_%HAEUHLQ(RH)_
k=1

In order to finish the whole proof it is then only necessary to apply Lemma 3.5.

Lemma 6.1 [

Lemma 6.2. For anyv € H% (R"), € € (0,1), there exists A >0, R >0, v > 0 such that for all zo € R", r < R

oo

o0
n 1 — n —
[H (v,0)[|£2(B, (z0)) < €([V]Banr,z + AT V]| L2(B,,)) +C AZ (ZQ HAT V] 2a + Y 2 7““[U]Ak,g)
k=1 k=—o0

Here we set Ay := Bortagp, \Bak-1,..

Proof. Let § =0 >0 € (0,1), where 4 is a uniform constant whose value will be chosen later. Pick A > 10 depending
on ¢ and v such that )
ATz HA%’UHLQ(Rn) < 4. (6.1)

Depending on § and A choose R > 0 so small such that
[U]Bmm(mo),% + ”A%UHLQ(BmAT(Io)) <4, forall zg € R", r < R. (6.2)

We can assume that v € C§°(R™). In fact, by [Tar07, Lemma 15.10] we can approximate v in H 2 (R") by vj, € C§°(R"),
and one checks that the approximation process does not destroy the argument.
From now on let » € (0,R) and xo € R™ be arbitrarily fixed and denote B, = B,.(xg). Set P = Py = Pg,,,.(v)

n

the polynomial of degree N := [§] — 1 such that the mean value condition (3.1) holds on Bap,(x9). We denote
NAr = NAr,z, and 7, == 1,0.

As P is not a function in S(R™), we “approximate” it by P? := 7, P, p > po where we choose py > 2 max{2Ar+|zol, 1}
such that B%po (0) D suppwv. Note that in particular, we only work with p > 0 such that

N, =1 on suppnoare, Jsuppv, for all p > pg.

Then,
v =1,0 =Nar(v — P) +1,(1 = nap) (v — P) + PP =1 vy +0” , + P*. (6.3)

Observe that all three terms on the right-hand side are functions of S(R™). We have
v = (va)? + (07 1)? + (PP) + 20p v”  +2 (va +0° ) PP. (6.4)

As we want to estimate H(v,v) on B, = B,(zg), we are going to rewrite H (v, v)y for an arbitrary ¢ € C5°(B,), such
that [|o||L2mny < 1. For any p > po (with the goal of letting p — oo in the end), we will use the following facts

©P? = pP, wvpAP? =u)\P, ¢v”, =0.
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6 Local Estimates and Compensation: Proof of Theorem 1.5

Now we start the rewriting process:

6.4
H(v,v)p (@) H(vp,va)p

+2(A% ((oa+02,) PP) =P A% (s +07))) ¢
+(A% (P”)2>90

+ (AT (0P )2 +2A7 (vp v ,) —20AATV” ) @
—2 (P ATPP + 0 AT PP) .

Now we add and substract terms, that vanish for p — oo, and arrive at

= H(va,va)p
+2 (AT ((va+07,) P) =P AT (va+07,)) ¢
+(a%(@,)*PP) = PAT((1,)°P) )
+ (A%(vf/\)2 +2A% (vA va) — ZUAA%va) ©
+ (P A# ((ﬁp)2P> 2P ATPr_2 UAA%PP> o
+2 A% (V5 (7, —1)P) ¢

= ([[+II+III+IV+V+VI)e.

First we treat the terms V' and VI which will be the parts vanishing for p — oco. As for V', we have by Remark 2.14,
JA% (7)*P) + 1A% PPl o any < Crtwa 8% < Crpuaop™?.

Consequently,

_1
2.

”Vv”L2 (Br) < Cr,xo,v,AP

Next, as for VI, the product rule for polynomials, Proposition 5.12 for M = Id, ¢ = v” (7}, — 1) € S(R™), implies
that for some zero-multiplier operator Mg,

AT (v, (7, —1)P) = Y 9°P MaA™ 5 (o (iip — 1),
[BI<N
As a consequence, using that P is a polynomial with coefficients depending on A, r, v, xg,
n—2|g] _
IVIlL2(B,) < Coraon Z [MpA™= (”L\(Wﬂ - 1))HL2(BT)~
[BI<N

Now we use the disjoint support lemma, Lemma 5.1, to estimate for some kg = ko(p, xo, A) > 1 tending to oo as
p— 9,

n—2|8| _ > n—2|B| ~ ~
IMgA™5 (0 \ (= D)2y < D IMsA™F (0,00 (v = P)(ip(1 = 1)) | L2(5,)

k=ko
L.5.1 e
< Con Yy 27FT I (0, 4y (0 = P)) 22 ey
k=ko
P.3.11 e n n
< Cra > 27T R AT 0] 2.
k=ko

As N < 4, we have proven that

V2B, (o)) + IVIlL2(B,(20)) = 0(1) for p— oo.
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Next, we treat I. By Theorem 4.2 and Lemma 3.5 we have

n 2 (6.2)
128,y < AT vAlZ2@n) < ([0]Binr.2)” <6 [V]Ban,.2-

As for I, by Proposition 5.12, for any w € S(R"™)

(A% (w P)— PA%w) = o Z o’p MgAnifww
1<|BISN
P S (0% (P — ) MpA 0% Mpa ),
1<|BI<N
SO
Il papy < D> T+ 110 + 11 + 115,
1<|BIEN
where
n=2|g] n—2|8]
Illﬂ,A = ||8ﬁ(77Ar(P—U)) MgA™= UA”L?(BT):HaﬁUA MgA ™5 vallL2(B,),
n—2|B|
Iy, = 0% MgA™ 5 vallp2s,),
5 3 n=218 , 5 n=21p] ,
Iy = 1107(ar(P —v)) MgA™5 02 \[[12(5,) = [[07va MgA™5 02 || 12(8,),
n—2|B|
IIéi_A = ||6B’UM/3A 4 UliAHLZ(B,.)~

Observe that all the operators involved are of order strictly between (0, ). Consequently, by Proposition 5.9 and
Poincaré’s inequality, Lemma 3.5,

8 2 (6.2)
IILA = ([U]er,%) <9 [/U]BélAra%'

By Lemma 5.10 and Poincaré’s inequality, Lemma 3.5,

15y < s (187010, + A7 AT] )

(6.2)
(6.1)

8 (1A% vll2(Ban,) + V] Bansg)-
As for IT59 _, and ITY_, | we estimate for any w € S(R™),

=28
e UﬁA”LQ(BT-)

Ho”'ﬁw M@A

n—23|

< Z 107 A% (nar At w) MgA™T " 15, (v = P)ijy|2(5,)
k=1

= _n n n—2[8] -
+ Y 10°ATE (nf, AT w) MpA™T K, (v = P)ij,ll2(s,) = T1 + T
l,k=1

We first concentrate on X;. As before, by Lemma 5.1 and using that 1 < [3| < §,

_n n n=2|B] - L238 _n n _n _n
107 A7 (nay AT w) MgA™5 n}, (v = P)ipll2s,) < API7% ngAfw|| g2 2077 (Ar) % Ik, (v = P)|| 2.

Thus, by Proposition 3.11 and as |8] < 2 (making >,k 27*Z 18D convergent),

i< ATE|ATw] e

n (6.1) n
Bann) 1830 L2@ny <6 [[ATW][L2(B,,)-
For the estimate of X9 we observe

n—2|3|

107 AT (n, A w) MsA™T 0}, (v = P)ilp|l 12(5,)

n—2|8

L.5.1 o n \ -
<@ (AT w) [ | MaATE 0k, (v = P)ij,ll 2,

L

5.1 o n —3n48 n
< @) E (AT w) o (28Ar) T IR, (0 = P) |l v

_n n —n+|8
<3 2Bk AFw) e (25A) Tk (0 = Pl e
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6 Local Estimates and Compensation: Proof of Theorem 1.5

Summing first over k and then over [, using again Proposition 3.11 and that |3| € [1, N],

n = n n 6.1) n
So < ATETN N "o nh A wl|ge ATolle <76 Y27 Ik, A w] e,
=1 =1
So we have shown that

n—=2|8]

oo
107w MpA™5" 0" || 12(5,) < 6 ZQ_ZHWE;TA%WHL? + oA W] L2(B,y,) < AT W[ L2 (Rn).-
=1

Setting w = v in the case of IIQ’gﬁA and w = v, in the case of IIlﬂﬁA, this implies

I}y < 6||A% sl <6 [v]Byy,,2, and II) , < D 27 AT |2 (a,) + I AT L2y, -
=1

As for I11, using yet again (6.3), we have P,7j, = v — vpx — v” z7],. As a consequence, we can rewrite

111 = (8% (@, PP) = PAT((5,)°P) )i = (A% (v = va = 02 473 P) = PAT (0= vp = 07 47}p) ).
Thus, the only part we have not estimated already in IT (or which is estimated exactly as in II, as the term
containing v” \7j,) is A% (vP) — PA%v. Again by Proposition 5.12, this is decomposed into terms of the following
form (for 1 < |B| < N)

n=2|8|

P MgA™ 7 v

n—2(g] n—23|

= fﬁﬁ((va)(lanr)) MgA™3 vfaﬁ((va)nAT) MgA™3 ’u+6'6vM3A

n—2|g]|
Ty

= IIL + 11l + II13.

Of course, |[I11|>(p,) = 0. By Lemma 5.10,

oo
n n _1 _k n
1L 2, < A4<v—P>nA7-||Lz<A4v||L2<BzA,,,>+A 2) 2 2||A4v|L2<Ak>>
k=1

k=1

L.3.5 n > _k n
< [v]zaar (IIA“ VllL2(Ban,) + 277 AT vllmuu))

(6.2) > ko
< Olzane +8> 27 F AT V]| L20a,),
k=1

And by Lemma 5.11 and (6.2),

n > _k n
HI[ISHL?(Br) < 0[[AT V|| 2(By,,) + 22 2 ||A4v||L2(Ak)'
k=1

Finally, we have to estimate I'V. Set

Ak = BQk+4Ar\B2k—4Ar.
Using Lemma 5.1 the first term is done as follows (setting Py to be the polynomial of order N where v — P, satisfies
(3.1) on B2k+1AT\sz—1A,’,)

A% (i (L= man) )0 = P2 2o
< eI o o PR
< o kEnp—gnp—n (|| i, (0 = Po)l| 22 + 27 (Ar)" ||/ 0}, (P — Pk)||%m>
. —k3nar—3n_—n k n ? nk n k ?
<0 aaEn (@A) (o], ) 2 AD) 0k (P - POl

n __pn 2 n
20 ar o () 4 IR, (P - POl 1A%l )

o1

n o _ 1 2 n
< a2 () IR (P - POl AT ol ).

30



Note that as 5§ — % > [§] — 1, on the one hand Lemma 3.12 is applicable and on the other hand we have by

Proposition 2.10

[e%s) o1 2 e’} o1
S (i) < 18Tl 327 o4,
k=1 k=1
Consequently, we have for some v > 0
. 0 = 61) 1
1A% (02 ) lres,y < (LHIATv]e) Yo 27, w0 <" A7 Y 27 Mg
k=—o0 k=—o0

For the next term in I'V, using the disjoint support as well as Poincaré’s inequality, Lemma 2.6 and Lemma 3.5, and
the estimate on mean value polynomials, Proposition 3.11, and as

oty = 3 o (i, p (0 — P)),

3
k=1

we can estimate

&~
[N\ &
L

NE

3y, "
1A% (va v2p) L2, (2"Ar) 2 loallee Ik, (v = P)|g2 v

>
Il
—

_3n n n n
(28Ar) 72" (Ar) (| A% va |2 05, (v — P2 73

h
Ao
[}

Mw

k=1
L At by 18Tl L6 s
Last but not least,
N ~ L5.1 _
loxd% 0k, (0 = Pl = @5An) ol k(o = P)lles

L.2.6

P2 2R (Ar) 2 [l (I0f, (0 — Pl

(Gj) Q—k%(;((gkm«)_g ||77/’§T(v — Py)||z2 + ||775€\T(P - Pk)HL”“)
L.3.6

<0827 Wlagy +27 0k (P — Pa)llze).
Again, as § > N, Lemma 3.12 implies that for some v > 0.
(oo}
loaldS v pllz2s,y < Y 27 [v]a, g
k=—oc0

We conclude by taking § = ¢ for a uniformly small § > 0 which does not depend on A or |A%v]|pe. O

7 Euler-Lagrange Equations

As in [DLRO09] we will have two equations controlling the behavior of a critical point of F,,. First of all, we are going
to use a different structure equation: Obviously, for any v € H= (R”,R™) with u(xz) € S™~! almost everywhere on a
domain D C R™, we have for w := nu, n € C§°(D),

w- ATw = f%H(w,w)Jr%AZnQ. (7.1)

The Euler-Lagrange Equations are computed similar as in [DLR09], [Hél02]. As we want to localize them, we apply
also Lemma 5.5.

Proposition 7.1 (Localized Euler-Lagrange Equation). Let n € C5°(D) and n = 1 in a neighborhood of some ball
DcD.
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8 Homogeneous Norm for the Fractional Sobolev Space

Let u € I{%(Rn,Rm) be a critical point of E,(-) on D, cf. Definition 1.1. Then w = nu satisfies for every
wij S CSO(D), Such that ’(/JU = _"l}ji;

- /wz Afw! Ay = _/aij%' +/A%wj H(w',ij). (7.2)
R™ Rn R™
Here a € L*(R™) depends on the choice of 1.

Note that this result holds also if u € L>°(R") and A%u € L?(R"), the setting of [DLR09], by adapting the proof of
Lemma 5.5.

Proof of Proposition 7.1.

By the standard argument (cf. [DLR09]), for any v € H? (R",R™) such that suppv C D and v € T,S™"! a.e.

/A%U'A%UZO. (7.3)
RV?{

Let 1;; € C3°(D,R), 1 <4,j < m, ¢i; = —;j. Then v/ := o u’ € H3 (R"), 1 < j < m. Moreover, u-v = 0. As for
x € D the vector u(x) € R™ is orthogonal to the tangential space of S™~! at the point u(x), this implies v € T,,S™L.
Consequently, (7.3) holds for this specific v. Let n be the cutoff function from above, i.e. n € C§°(D), n =1 on an
open neighborhood of the ball D C D and set w := nu. Because of suppy C D we have that v/ = wiwij. Thus,

[ ater atwivg) 2 [ At - w) At (7.4

R R

Observe that w’ € L>(R") N H# (R™) and by choice of 1 and D, the distance dist (supp(wj —ul), D) > 0. Hence,
Lemma 5.5 implies that there is a;; := a;w’ € L?(R") such that

/A%(wj —u?) AT (wip) = /aijcp for all p € C3°(D). (7.5)
R”L R”L
As a consequence, (7.4) can be written as
/A%wj A%(w%ﬁ”) = /aij%j, for every wlj S CSO(D) such that wlj = _¢ji~ (76)
]Rn R’n,
Moving on, we have just by the definition of H(-,-),
A%(w’w”) = A%wl ’l/)ij + wi A%’(/Jij + H(wl71/)”) (77)

Hence, putting (7.6) and (7.7) together

—/wi ATw? ATy = —/aijwij—i—/A%wj Aty wij—i—/A%wj H(w',1ij)
Rn R» R" Rn
= 7/aij¢ij+/A%wj H(w', y5).
Rn Rn

Proposition 7.1 [

8 Homogeneous Norm for the Fractional Sobolev Space

Recall from Section 2.3 the definition of the “homogeneous norm” [u]p . The goal of this section is the following
lemma which compares for balls B the size of [u]p =z to the size of [|A%ul/;2(p). Obviously, these two semi-norms
are not equivalent. In fact, take for instance any nonzero u € H?% (R") with support outside of B. Then [u] B,z
vanishes, but A%u can not be constantly zero (cf. Lemma 2.4). Anyway, these two semi-norms can be compared in
the following sense:
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Lemma 8.1. There is a uniform v > 0 such that for any € > 0, n € N, there exists a constant Cc > 0 such that for
any v € S(R"), B, = B.(z) CR"

[v]B,,2 <e[v]Bs,,2 +Cs[||A%U||L2(BW) +) 27k Aol + Y 27V [v]gj,%}

k=1 Jj=—00
where Aj = B2j+5T\sz75,".

Proof of Lemma 8.1.

Set N:=[5]—-1,s:=5—-N ¢ {%, 1}, and let Py, be the polynomial of degree N such that the mean value condition

(3.1) holds for N and Bs,.. Let at first n be odd. Set ¥ := no,.(v — Pa,.). Note that
v=v— P, onB,. (8.1)

Consequently,

3 0°0(z) — 0°9(y))(0%0(z) — 8D
3 //( () (y))(0*0(x) (y))dxdy

o —y[" T

Thus,

PECEC (By,(0))
n
A4 el 2<1

([U]Bm%)Q < AT |2 sup /A%ﬁ MA%o,

where M is a zero-multiplier operator. By a similar argument this also holds for n even. Using Young’s inequality,

n . 1 n n L.35 1 n . n
[V]p, n <el|A4d||p2 + - sup AT MATp < efv]p,,,2 +=  sup ATH MAT .
©€CE° (Bar) € »eC§(Byy)
n R n Rn
A4 o), z<1 AT p), o<1

For such a ¢ € C§°(By,), ||A%T¢||L2 <1 we decompose

[atomaty T2 [atogaates Yy [atonbmate -3 [t - P) Mate
Rn Rn k=1 Rn k=1 R

= I+ I =Y III.
k=1 k=1
In fact, to apply Proposition 2.15 or Remark 2.14 correctly, we should have used a similar argument as in the proof
of Lemma 6.2. Obviously, using Hérmander’s theorem [Ho6r60],
1] < ||A%UHL2(BST)-
Moreover, for any k € N by Lemma 5.1 and Poincaré’s inequality, Lemma 2.6,
[TTe < (257) " g A2 7™ = 27" g, At o] 2.

As for III}, let for k € N, P¥ the polynomial which makes v — Pk satisfy the mean value condition (3.1) on
B2k+2T\B2kT.. If k 2 3,

=

L.5.1 _n —3p _n 3.1 n n
(1L "< 7% (25) 20 (Ins, (v = Poy) e <77 % 2757 (I, (v — Py)llee + 2850 % |5, (P — Py, [1=)

L.3.6

<02 ([l o+ IS (Par = PE) i ).

n
’2

This and Lemma 3.12 imply for a v > 0, Yoo, 1T < > 2701 [u] 5 a- It remains to estimate 111y, ITI, (where
j=—o0 v
we can not use the disjoint support lemma, Lemma 5.1). Let from now on k =1 or k = 2. By Lemma 3.6

IIIIC < ||A%(W§T(U_P2k¢))“[/2 + ||A%(T]§'r (PQkT _PQT'))||L2

< olay + AT (o, (PE — Pa)) e
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9 Growth Estimates: Proof of Theorem 1.2

The following will be similar to the calculations in the proof of Lemma 3.5 and Proposition 3.4. Set
Wo 3 1= o%nk. 9° (PQT Py.).

We calculate for odd n € N,

IA% G (Ph = Po)) 22 < S0 [k gl
2
la|+|Bl="%

As suppwf 5 C Bars2,\Bak,, so one can check that [w 5]%,, 1 = MAX g nga 2100 0° (Py, — P§)||? s y- Taking

o2 (supp n3,.
the square root, we have shown that

2
D AT (05, (P, — Por))lle <

2

4

ma 132 10° (P = P e supp,
- k=1

Of course, the same holds true if n € N is even. Now, in the proof of Lemma 3.12, more precisely in (3.6), it was
shown that

2 oS
DN (Por = Pillpoegiyy < 227" IO (Por = Po) oo (4
k=1 k=

. s 5 (36) >
=Y 2 0@ — QN ey < YT 2l .

k=1 Jj=—00
This concludes the proof.
Lemma 8.1 [J

Moreover, the following decomposing result holds:

Lemma 8.2. ([DLR09, Theorem A.1])
For any s > 0 there is a constant Cs > 0 such that the following holds. For any v € S(R™), r >0, z € R",

([v]B,().s) " < Cs Z v]ay,s)

k=—oc0
Here Ay, denotes Bor+1,.(x)\Bor-1,.(z).

Remark 8.3. By the same reasoning as in Lemma 8.2, one can also see that for two Annuli-families of different

. - k+N
width, say Ay := Borir,\Bor-ar and Ay := Bok+a,\Bgr-ar we can compare [v]a, s < Cxas Zl:k—Af\gA[U]Al s In

particular we don’t have to be too careful about the actual choice of the width of the family Ay for quantities like
e oo 2_7‘k|[v]Ak,S, as long as we can afford to deal with constants depending on the change of width, i.e. if we can

afford to have e.g. Cp x~.s > oo 271U 5

1,8°

9 Growth Estimates: Proof of Theorem 1.2

In this section, we derive estimates from equations (7.1) and (7.2), similar to the usual Dirichlet-Growth estimates.

Lemma 9.1. Let w € H%(R",Rm), e > 0. Then there exist constants A > 0, R > 0, v > 0 such that if w is a
solution of (7.1), then for any © € R™, r € (0, R), Ay = Bor+1,.(20)\Bar-1,(Z0),

[|w - A%w”LQ(Br@o)) < 6(||A%w||L2(B4Ar) + [w]B4m~,%)
+Cw ( +Y 2R AT w] ey + Y 2—7"“'[w]Ak,g>.
k=1 k=—o0

Proof of Lemma 9.1.
As A%n? is bounded (cf. the proof of Proposition 2.13), ||A%n? 2B,y < Cy rz. The result follows by applying
Lemma 6.2 in (7.1), using also Remark 8.3.

Lemma 9.1 [J
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The next Lemma is a simple consequence of Hélder and Poincaré inequality, Lemma 2.6.

Lemma 9.2. Let a € L*(R™). Then

/ a9 <Cr¥ e IATllegn

RTI,
for any ¢ € C§°(By(x0)), > 0.

Lemma 9.3. For any w € H3 N L¥(R",R™) and any € > 0 there are constants A > 0, R > 0 such that if w
is a solution to (7.2) for some smoothly bounded domain D C R™ then for any Ba,(x) C D, r € (0,R) and any
skew-symmetric o € R™*", |a| < 2,

oo
lw'ai; A% w! || r2(s,) < el ATw]p,, @) + Ce b (Tg +y 27 IIAZwIILz(Ak)> :
k=1

Here, Ak = sz+1r($0)\BQk—1r($0).

Proof of Lemma 9.3.
Let § = Ce > 0 for a uniform constant C' which will be clear later. Set A1 > 1 ten times the uniform constant A from
Theorem 1.6 and choose Ay > 10, A := 10A1As, R > 0 such that

(M2) 2 | AT w| L2 @ny <6, (9.1)

[w]BmAm% + HA%@U”L%BW\T) <¢ forany z € R", r e (0,R). (9.2)

Fix now any r € (0, R), z € R” such that By, (z) C D. Set v := w'a;;ATw’. By Theorem 1.6

lnrv]lL: < C sup /77,« v A%go.

PECE (Bpy r(2))

1a% ey, 21
We have for such a ¢ € C§(Ba,,(z)), [[AT |2 <1,
/nrv A%cp:/v A%go—l—/(nr—l) vATp=T+1I.
Rﬂ.

In order to estimate Il, we use the compact support of ¢ in Bp,, and apply Corollary 5.2 and Poincaré’s inequality,
Lemma 2.6. First for all big ¥ > K,,, then also for any other k¥ € N we have

C.5.2 [o'e) oo
n  L.2.6 B n - n
I = /(Ur — 1 Atp "< Oy, Y27 pvllze A% @l ey < Onwllze Y 27" f A% wl|re.
k=1 k=1

The remaining term I is controlled by the PDE (7.2), setting t;; := ;¢ which is an admissible test function:

r ' /aij o @+ aij /A%wj H(uw', )
R” R™
. . > n . . >
= i+ oy /774/\17_ Atw! H(w',p) + aj Z /nffAlr Adw! Hw', o) =1, + I, + le’k'
o k=1 gn k=1

By Lemma 9.2, I} < Cp,72 ||al|z2. By Lemma 6.1 (taking r = Ayr and A = Ay) and the choice of Ay and R, (9.1)
and (9.2), Iy < & |[nan,rATw| 2. As for I3k, because the support of ¢ and nffAlr is disjoint, by Lemma 5.1,

nog i nog no,o, AT L.5.1 —n noog
[rbneatol i@ o) = [l A% (A ') - wiate) X oy, fullie 27 by, A0 e
R™ R™
Using Remark 8.3 we conclude.

Lemma 9.3 O
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9 Growth Estimates: Proof of Theorem 1.2

Lemma 9.4. Let w € H% N L>(R",R™) satisfy (7.1) and (7.2) (for some smoothly bounded domain D, and some
n). Assume furthermore that w(y) € S™~1 for almost every y € D. Then for any € > 0 there is A > 0, R > 0 and
v >0, such that for all v € (0, R), © € R™ such that By, (z) C D,

oo

[z, g + 1A wllzas,) < e(fwlpy g +lloll2an)) +C€< > 2 M (fwlay + ||A’iw||Lz<Ak>)7"g>'

k=—o00
HET’@, Ak = B2k+17.(x0)\B2k—lr(l'0).

Proof of Lemma 9.4.

Let € > 0 be given and § := . to be chosen later. Take from Lemma 9.1 and Lemma 9.3 the smallest R to be our
R > 0 and the biggest A to be our A > 10, such that the following holds: For any skew symmetric matrix o € R™*",
la| < 2 and any Ba,(z) = By C D, r € (0, R) and for a certain v > 0

flw - A%WHH(BMT.) + lw' o AF w! IL2(B16,)

< (AT wllre(py,) + [W]Bs,.2) + Cow (7”; + Z 27 M (| AT wl| o gay + [w]Ak73)>'

k=—o00

In particular, as |w| = 1 on Big,(zo) C D we have

AT W]l 2By, < 6(IAT w128y, + [WBan2) + Co (Tg + > 2 (AT wlLaa,) + [“’}Ak,;)) (9:3)

k=—o0

Then, by Lemma 8.1 we have for a certain v > 0 (possibly smaller than the one chosen before)

[wls, 3 + 1A% wl|L2(s,)

L.8.1 n as _ n
< elwlpy, +Ce <||A4w||L2(Bw,,»>+ > 2 7'k([w]m,g+||A4wIIL2<Ak>)>
k=—oc0
(9.3) " n > k] "
<" e[wlp,, +0C(|AT W L2(By,) + [WBa,z) + Cesmw (72 + Y 27 (w2 + [ATwL2(ay) | -
k=—o00

Thus, if we set § := (C.) "¢, the claim is proven.
Lemma 9.4 O

Finally, we can prove Theorem 1.2, which is an immediate consequence of the following theorem and the Euler-
Lagrange-Equations, Lemma 7.1.

Theorem 9.5. Let w € Hz (R")N L™ as in Lemma 9.4. Then for any E C D with positive distance from 8D there
is 3> 0 such that w € C%P(E).

Proof of Theorem 9.5.
Squaring the estimate of Lemma 9.4, we have for arbitrary € > 0 some A > 0, R > 0 and v > 0 and any B,(r) C R"
where By,(x) C D, r € (0, R]

2 n 2 n
([wls,,»)” + (IATw|L2(B,))" < 452([w]%3m,g +||A4WH%2(BAT)>

e8]
+C€< Z Z*Vlkl([w]ih% + HA%wH%?(Ak)) + OETH>,
k=—oc0

where Ay = Ag(r,z0) = Bor+1,(x0)\Bar-1,(z0). Set ap = ax(r,z) = [w]ik% + ||A%w|\%2(Ak). Then, for some
uniform C; > 0 and ¢; > 0 and some K = K) € N

K K

Atullap, <G Y 4 . Lo Y

[ w||L2(BM)_ 1 g, an [w]BM,g s O ag,
k=—o00 k=—0c0
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and of course, [w]QBM% + HA%wH%z(BT) > e Yt ak, as well as llakllinzy < HA%wH%z(Rn). Choosing ¢ > 0
sufficiently small to absorb the effects of the independent constants ¢; and C1, this implies

—1 Ka oo
1
_ —v|k| n
E ak§2 g aip +C E 27"l + Cr™ (9.4)

k=—o00 k=—o00 k=—o00

This is valid for any B,(z) C Ba,(z) C D, where 7 € (0, R). Let E be a bounded subset of D with proper distance
to the boundary dD. Let Ry € (0, R) such that for any = € E the ball Bopg,(z) C D. Fix some arbitrary z € E. Let

now for k € Z,
Ry

+ HA%w”iz(Ak(%)) = ak(i)'

b = bi(x) = [w] 5

2o
Ap(2), %

Then for any N <0,

N ')
(9.4) 1
S obe < 3 Yoo obe+C2 Y 2Ny 4 ¢ Ry 2N

k=—o0 k=—o0 k=—o0

Consequently, by Lemma A.1, for a Ny < 0 and a 8 > 0 (not depending on z),
N
Z by < C 2°N for any N < Np.
k=—oc0
This implies in particular for Ry = 2N R, (again using Lemma 8.2)
[U]Br(xo),% < Cg, r%  forall r < Roand z € E.

Finally, Dirichlet Growth Theorem, Theorem A.2, implies that v € C%#(E).

Theorem 9.5 [J

A Appendix: Ingredients for the Dirichlet Growth Theorem

As a consequence of [DLR09, Proposition A.1] one checks that the following Iteration Lemma holds, too. For a proof
we refer to [Sch10b, Appendix].

Lemma A.1. For any Ay,As,v > 0, L € N there exists a constant Az > 0 and an integer N < 0 such that the
following holds. Let (ay) € I(Z), ax > 0 for any k € Z such that for every N <0,

N | NAE N oo
Z ap < 3 Z ar + Ay Z 27N g + Ay Z 27N =K) g+ Ap2N
k=—oc0 k=—oc0 k=—o0 k=N+1

Then for some 3 € (0,1), Ay > 0 (depending only on |lak||;x(z), As) and for any N < N

Next, we will state a Dirichlet Growth-Type theorem whose proof uses mainly Poincaré’s inequality. For more details
we refer to [Sch10b, Appendix]. For an approach by potential analysis, we refer to [Ada75], in particular [Ada75,
Corollary after Proposition 3.4].

Lemma A.2 (Dirichlet Growth Theorem). Let D C R™ be a smoothly bounded, convex domain, let v € H= (R™) and
assume there are constants A > 0, « € (0,1), R > 0 such that

—
sup T [U]Br(z))% < A.
r€(0,R)
xz€D

Then v € C%%(D).
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